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Abstract
Four point correlation functions for many electrons at finite temperature in
periodic lattice of dimension d (≥ 1) are analyzed by the perturbation theory
with respect to the coupling constant. The correlation functions are charac-
terized as a limit of finite dimensional Grassmann integrals. A lower bound on
the radius of convergence and an upper bound on the perturbation series are
obtained by evaluating the Taylor expansion of logarithm of the finite dimen-
sional Grassmann Gaussian integrals. The perturbation series up to second
order is numerically implemented along with the volume-independent upper
bounds on the sum of the higher order terms in 2 dimensional case.
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1 Introduction
The thermal average of an observable O for many electrons in a solid is expressed
as Tr e−βHO/Tr e−βH , where H is a Hamiltonian representing the total energy of
the system, β is the inverse temperature and the trace operation Tr is taken over
the Fermionic Fock space, the Hilbert space of all the possible states of electrons. If
the movements of electrons are confined in finite lattice sites under periodic bound-
ary condition, the Fermionic Fock space becomes finite dimensional. The thermal
average Tr e−βHO/Tr e−βH is defined as a quotient of finite sums over the orthonor-
mal basis spanning the space. Though the expectation value Tr e−βHO/Tr e−βH
has a clear mathematical meaning in this setting, to rigorously control its behavior
for interacting electrons poses a challenge. The purpose of this paper is to ana-
lyze the thermal expectation value for 4 point functions modeling paired electrons’
condensation by means of the perturbation theory.
In the earlier article [12] Koma and Tasaki rigorously proved upper bounds on
2 point and 4 point correlation functions for the Hubbard model and concluded the
decay properties in 1 and 2 dimensional cases. In an abstract general context, on the
other hand, Feldman, Kno¨rrer and Trubowitz gave a concise representation of the
Schwinger functionals formulating the correlation functions via Grassmann integral
and established upper bounds of the Schwinger functionals in [5]. Let us also remark
the intensive renormalization group study by the same authors in [8], which analyzes
the Grassmann integral formulation corresponding to the temperature zero limit of
the correlation function for the momentum distribution function. The work [8] was
presented as the 11th paper in the series of Feldman, Kno¨rrer and Trubowitz’s 2-d
Fermi liquid construction. A flow chart showing the hierarchical relation between
these 11 papers is found in the digest [7].
In this paper we focus on the correlation function Tr e−βHO/Tr e−βH for 4
point functions O = ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑+ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑ and the Hubbard model
H defined on a finite lattice. We expand the 4 point correlation function as a
perturbation series with respect to the coupling constant and study the properties
of the perturbation series. We especially aim at establishing upper bounds on the
sum of higher order terms of the perturbation series so that one can numerically
measure the error between the correlation function and the low order terms of the
perturbation series. More precisely, our goal is set to
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(1) find a constant r > 0 such that for any U ∈ R with |U | ≤ r
Tr(e−βHO)
Tr e−βH
=
∞∑
n=0
anU
n,
where U denotes the coupling constant and an ∈ R (∀n ∈ N ∪ {0}), and to
(2) establish an inequality of the form that for any U ∈ R with |U | ≤ r and
m ∈ N ∪ {0} ∣∣∣∣∣Tr(e−βHO)Tr e−βH −
m∑
n=0
anU
n
∣∣∣∣∣ ≤ Rm+1(|U |),
where Rm+1(|U |) = O(|U |m+1) as |U | ց 0.
The inequality claimed in (2) is proved in Theorem 4.10 as our main result and
a volume-independent r required in (1)-(2) is obtained in Proposition 5.1 for 2
dimensional case.
Our strategy is based on the discretization of the integrals over the interval of
temperature appearing in the temperature-ordered perturbation series. By replac-
ing the integrals by finite Riemann sums we obtain a fully discrete analog of the
perturbation series in which all the variables run in finite sets. The discretized per-
turbation series is formulated in a finite dimensional Grassmann Gaussian integral,
which is rigorously defined as a linear functional on the finite dimensional linear
space of Grassmann algebras. See [21] for another approach to the finite dimen-
sional Grassmann integral formulation based on the Lie-Trotter type formula. We
then rewrite the 4 point correlation function as the Taylor series expansion of log-
arithm of the Grassmann Gaussian integral. By evaluating the partial derivatives
of logarithm of the Grassmann Gaussian integral, which were characterized as the
tree expansion by Salmhofer and Wieczerkowski in [22], and passing the parameter
defining the Riemann sum to infinity, we obtain an upper bound on each term of
the perturbation series of the original correlation function. For completeness of
the paper and convenience for readers, the derivation of the temperature-ordered
perturbation series is presented in Appendices.
As a key lemma we make use of the volume- and temperature-independent upper
bound on the determinant of the covariance matrix recently established by Pedra
and Salmhofer in [18]. Pedra-Salmhofer’s determinant bound enables us to find a
numerical upper bound on the Fermionic perturbation theory in a simple argument.
As one aim, this paper intends to show a practical application of Pedra-Salmhofer’s
determinant bound.
Let us note that the lower bound on the radius of convergence of the perturbation
series proved in Theorem 4.10 and Proposition 5.1 below for 2 dimensional case is
proportional to β−3. By applying advanced multi-scale, renormalization techniques
to the correlation functions of the 2 dimensional Hubbard model, Rivasseau ([19])
and Afchain, Magnen and Rivasseau ([1]) proved that a lower bound on the radius
of convergence is proportional to (log β)−2, which is larger than our lower bound
for large β, i.e, small temperature. In this article, however, we feature calculating
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the quantities in a simple manner so that readers can verify the construction of the
theory by themselves, rather than improving the temperature-dependency of the
convergence of the perturbation theory via large machinery.
Our motivation to implement the perturbation theory for many electrons with
rigorous error estimate numerically was grown amid active research of numerical
analysis for high temperature superconductivity. The macroscopic behavior of elec-
tromagnetic fields around a type-II superconductor is governed by a system of non-
linear Maxwell equations called the macroscopic critical-state models. Prigozhin
initiated the variational formulation of the Bean critical-state model for type-II
superconductivity and reported numerical simulations by finite element method in
[17]. Following Prigozhin’s preceding work [17], finite element approximations of
various macroscopic models have been studied in rigorous levels up until today. See
[2], [11] for the latest developments on this subject. In a smaller length scale, the
density of superconducting charge carriers, the induced magnetic field and motions
of the quantized vortices in a type-II superconductor under an applied magnetic
field can be simulated by solving the mesoscopic Ginzburg-Landau models. Numer-
ical approximation schemes for the Ginzburg-Landau models such as finite element
method, finite difference method and finite volume method are summarized in the
review article [4], which also explains extensions of the Ginzburg-Landau models to
describe high temperature superconductivity characterized by d-wave pairing sym-
metry. We now turn our attention to microscopic models governing many electrons
in a solid and try to approximate the 4 point correlation functions, which are be-
lieved to exhibit the off-diagonal long-range order as explained by Yang in [24] if
superconductivity is happening in the system. However, the concept of error esti-
mate for the numerical computation of the correlation functions formulated in the
Fermionic Fock space is not yet seen in a mathematical literature as we can see for
the macroscopic critical-state models and the mesoscopic Ginzburg-Landau models
today. Hence, in this paper we attempt to propose an error analysis for the nu-
merical approximation of the correlation functions defined in microscopic quantum
theory and implement our numerical scheme in practice.
The contents of this paper are outlined as follows. In Section 2 the model Hamil-
tonian and the correlation function of our interest are defined. The perturbation
series of the correlation function is derived. In Section 3 the temperature-ordered
perturbation series of the partition function is discretized and the discretized par-
tition function is formulated in a finite dimensional Grassmann Gaussian integral.
In Section 4 each coefficient of the perturbation series of the correlation function is
evaluated and upper bounds on the sum over higher order terms are obtained as
our main result. In Section 5 the perturbation series up to 2nd order is numerically
implemented together with the error estimates between the 2nd order perturbation
and the correlation function in 2 dimensional case. In Appendix A the standard
properties of the Fermionic Fock space are reviewed. A self-contained proof for
the temperature-ordered perturbation series expansion is presented in Appendix B.
Finally, the temperature-discrete covariance matrix is diagonalized and its determi-
nant is calculated in Appendix C.
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2 The perturbation theory
In this section we define the Hamiltonian operator, formulate 4 point correlation
function governed by the Hamiltonian under finite temperature and expand the
correlation function as a power series of the coupling constant. To analyze the
properties of the power series of the 4 point correlation function derived in this
section is set to be the main purpose of this paper.
2.1 The Hubbard model
First of all we define the Hubbard model H as the field Hamiltonian operator on
the Fermionic Fock space along with various notations and parameters treated in
this paper.
The spacial lattice Γ is defined by Γ := Zd/(LZ)d, where L(∈ N) is the length
of one edge of the rectangular lattice and d(∈ N) stands for the space dimension.
On any set S we define Kronecker’s delta δx,y (x, y ∈ S) by δx,y := 1 if x
is identical to y in S, δx,y := 0 otherwise. For example, δ(0,0),(L,L) = 1 for
(0, 0), (L,L) ∈ Z2/(LZ)2.
For any proposition A the function 1A is defined by
1A :=
{
1 if A is true,
0 otherwise.
Using the annihilation operator ψxσ and the creation operator ψ
∗
xσ, which is the
adjoint operator of ψxσ, at site x ∈ Γ and spin σ ∈ {↑, ↓}, the free part H0 and the
interacting part V of the Hubbard model H are defined as follows.
H0 :=
∑
x,y∈Γ
∑
σ,τ∈{↑,↓}
F (xσ,yτ)ψ∗xσψyτ , V := U
∑
x∈Γ
ψ∗x↑ψ
∗
x↓ψx↓ψx↑, (2.1)
where
F (xσ,yτ) := δσ,τ
(
− t
d∑
j=1
(δx,y−ej + δx,y+ej )
− t′ · 1d≥2
d∑
j,k=1
j<k
(δx,y−ej−ek + δx,y−ej+ek + δx,y+ej−ek + δx,y+ej+ek)− µδx,y
)
,
(2.2)
the vectors ej ∈ Γ (j ∈ {1, · · · , d}) are given by ej(l) = δj,l for all j, l ∈ {1, · · · , d}.
The parameters t, t′, µ, U ∈ R are called the nearest neighbor hopping amplitude,
the next to nearest neighbor hopping amplitude, the chemical potential and the
coupling constant, respectively. Note that the term representing the next to nearest
neighbor hopping in F (xσ,yτ) is effective only for d ≥ 2.
5
The Hubbard modelH is defined byH := H0+V and is a self-adjoint operator on
the Fermionic Fock space Ff (L
2(Γ×{↑, ↓};C)). We summarize the definitions and
the basic properties of the Fermionic Fock space, the annihilation, creation operators
in Appendix A. Here we note the fact that dimFf (L
2(Γ×{↑, ↓};C)) = 22Ld < +∞,
which means that any linear operator on Ff (L
2(Γ × {↑, ↓};C)) can be considered
as a matrix.
Let us prepare some more notations used in this paper. For any linear operator
A : Ff (L
2(Γ× {↑, ↓};C))→ Ff (L2(Γ× {↑, ↓};C)), TrA is defined by
TrA :=
22L
d∑
l=1
〈φl, Aφl〉Ff ,
where 〈·, ·〉Ff is the inner product of Ff (L2(Γ × {↑, ↓};C)) (see Appendix A) and
{φl}22L
d
l=1 is any orthonormal system of Ff (L
2(Γ×{↑, ↓};C)). The correlation func-
tion 〈A〉 under the finite temperature T is defined by
〈A〉 := Tr(e
−βHA)
Tr e−βH
,
where β := 1/(kBT ) > 0 with the Boltzmann constant kB > 0.
The momentum lattice Γ∗ is defined by Γ∗ := (2πZ/L)d/(2πZ)d.
For any vectors α, γ of algebra of length n, let 〈α, γ〉 denote ∑nl=1 α(l)γ(l). Let
〈·, ·〉
Cn
denote the inner product of Cn defined by 〈u,v〉
Cn
:=
∑n
l=1 u(l)v(l) for any
u,v ∈ Cn.
For any finite set S, ♯S stands for the number of elements contained in S.
Let Sn denote the set of all the permutations on n elements for n ∈ N.
2.2 The correlation function
Our goal is to analyze the 4 point correlation function
〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑+ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉 by means of the perturbation method with
respect to the coupling constant U . The correlation function of our interest can be
derived from the logarithm of the partition function. Let us substitute real parame-
ters {λx,y,z,w}x,y,z,w∈Γ(⊂ R) into our Hamiltonian H and define the parameterized
Hamiltonian Hλ by
Hλ := H0 + Vλ, Vλ :=
∑
x,y,z,w∈Γ
Ux,y,z,wψ
∗
x↑ψ
∗
y↓ψw↓ψz↑, (2.3)
where we set
Ux,y,z,w := Uδx,yδz,wδx,z + λx,y,z,w + λz,w,x,y, (2.4)
for all x,y, z,w ∈ Γ. Note that Hλ still keeps the self-adjoint property and that
Hλ|λx,y,z,w=0,∀x,y,z,w∈Γ = H .
To simplify notations, let X represent a vector in Γ4 in our argument unless
otherwise stated. From now we fix 4 sites x1,x2,y1,y2 ∈ Γ to define the correlation
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function 〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉 and write X˜1 = (x1,x2,y1,y2)
and X˜2 = (y1,y2,x1,x2).
Lemma 2.1. The following equality holds.
〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉 = −
1
β
∂
∂λX˜1
log
(
Tr e−βHλ
Tr e−βH0
) ∣∣∣ λX=0
∀X∈Γ4
.
(2.5)
Remark 2.2. Since Hλ is self-adjoint, its spectrum σ(Hλ) is a subset of R. The
spectral mapping theorem (see, e.g, [25, Section VIII-7,Corollary 1]) shows that
{e−βx}x∈σ(Hλ) is the spectrum of e−βHλ . Thus, Tr e−βHλ > 0. For the same reason
as above the inequality Tr e−βH0 > 0 holds. Therefore, log(Tr e−βHλ/Tr e−βH0) is
well-defined.
Let L(Ff (L2(Γ×{↑, ↓};C))) denote the space of linear operators on Ff (L2(Γ×
{↑, ↓};C)). The proof of Lemma 2.1 is based on the following lemma.
Lemma 2.3. Let (a, b) be an interval of R. Assume that A : (a, b)→ L(Ff (L2(Γ×
{↑, ↓};C))) is an operator-valued C1-class function. The following equality holds.
For all s ∈ (a, b)
d
ds
eA(s) =
∫ 1
0
e(1−t)A(s)
d
ds
A(s)etA(s)dt.
Proof. Fix any s ∈ (a, b) and take small ε > 0 such that [s− ε, s+ ε] ⊂ (a, b). For
any s′ ∈ (s− ε, s+ ε)
eA(s) − eA(s′) = [−e(1−t)A(s)etA(s′)]t=1t=0 = −
∫ 1
0
d
dt
(e(1−t)A(s)etA(s
′))dt
=
∫ 1
0
e(1−t)A(s)(A(s)−A(s′))etA(s′)dt.
Moreover, we see that
d
ds
eA(s) = lim
s′→s
s′∈(s−ε,s+ε)
eA(s) − eA(s′)
s− s′
= lim
s′→s
s′∈(s−ε,s+ε)
∫ 1
0
e(1−t)A(s)
A(s)−A(s′)
s− s′ e
tA(s′)dt =
∫ 1
0
e(1−t)A(s)
d
ds
A(s)etA(s)dt,
where we have used the inequality∥∥∥∥A(s)−A(s′)s− s′ etA(s′)
∥∥∥∥ ≤ sup
θ∈[s−ε,s+ε]
∥∥∥∥ ddsA(θ)
∥∥∥∥ esupθ∈[s−ε,s+ε] ‖A(θ)‖
with the operator norm ‖ · ‖ and Lebesgue’s dominated convergence theorem to
exchange the order of the limit operation and the integral.
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Proof of Lemma 2.1. Since the operator-valued function λX˜1 7→ Hλ is continuously
differentiable on any interval containing 0 inside, we can apply Lemma 2.3 to have
− 1
β
∂
∂λX˜1
log
(
Tr e−βHλ
Tr e−βH0
) ∣∣∣ λX=0
∀X∈Γ4
= − 1
β
Tr
(∫ 1
0
e(1−t)(−βH)
∂
∂λX˜1
(−βHλ)
∣∣∣ λX=0
∀X∈Γ4
et(−βH)dt
)
Tr e−βH
=
∫ 1
0
dt
Tr
(
e(1−t)(−βH)(ψ∗x1↑ψ
∗
x2↓
ψy2↓ψy1↑ + ψ
∗
y1↑
ψ∗y2↓ψx2↓ψx1↑)e
t(−βH)
)
Tr e−βH
= 〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉,
where we have used the equality that Tr(AB) = Tr(BA) for any operators A,B.
2.3 The perturbation series
The partition function Tr e−βHλ/Tr e−βH0 can be expanded as a power series of the
parameter {UX}X∈Γ4. We give the derivation of the temperature-ordered pertur-
bation series in Appendix B. Here we only state the result.
Proposition 2.4. For any U ∈ R and {λX }X∈Γ4 ⊂ R,
Tr e−βHλ
Tr e−βH0
= 1 +
∞∑
n=1
1
n!
n
Π
j=1
(
−
∑
x2j−1,x2j ,y2j−1,y2j∈Γ
∑
σ2j−1,σ2j∈{↑,↓}
δσ2j−1,↑δσ2j ,↓
∫ β
0
dx2j−1
· Ux2j−1,x2j ,y2j−1,y2j
)
det(C(xjσjxj ,ykσkxk))1≤j,k≤2n
∣∣∣ x2j=x2j−1
∀j∈{1,2,··· ,n}
,
(2.6)
where the constraint x2j = x2j−1 requires the variable x2j to take the same value as
x2j−1 for all j ∈ {1, 2, · · · , n} and each component of the covariance matrix
(C(xjσjxj ,ykσkxk))1≤j,k≤2n is defined by
C(xσx,yτy) :=
δσ,τ
Ld
∑
k∈Γ∗
ei〈k,y−x〉e−(y−x)Ek
(
1y−x≤0
1 + eβEk
− 1y−x>0
1 + e−βEk
)
(2.7)
with the dispersion relation
Ek := −2t
d∑
j=1
cos(〈k, ej〉)− 4t′ · 1d≥2
d∑
j,k=1
j<k
cos(〈k, ej〉) cos(〈k, ek〉)− µ. (2.8)
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Lemma 2.1 indicates that we can construct the power series of
〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉 by substituting the series (2.6) into the
Taylor series expansion of the function log(x) around x = 1. Since the radius of
convergence of the Taylor series of log(x) around 1 is 1, we need to know when the
inequality |Tr e−βHλ/Tr e−βH0 − 1| < 1 holds beforehand. An answer will be given
to this question in Proposition 2.7 below.
It will be more convenient for our analysis to generalize the problems so that the
variables U , {λX }X∈Γ4, {UX }X∈Γ4 are allowed to be complex. We will then recover
the statements on our original problem by restricting the variables to be real. For
{UX}X∈Γ4 ⊂ C we define a function P ({UX }X∈Γ4) by the power series of the right
hand side of (2.6). Let us recall that the real function log(x) (x > 0) is extended
to be the complex analytic function log(z) in the domain {z ∈ C | |z − 1| < 1} by
the power series
log(z) =
∞∑
n=1
(−1)n−1
n
(z − 1)n.
In our argument to clarify when the inequality
|P ({UX }X∈Γ4)− 1| < 1 (2.9)
holds as well as in the proofs of other lemmas in this paper, the following lemma
on the determinant bound on the covariance matrix plays essential roles.
Lemma 2.5. [18, Theorem 2.4] For any n ∈ N, (xj , σj , xj), (yj , τj , yj) ∈ Γ ×
{↑, ↓} × [0, β) (∀j ∈ {1, · · · , n}),
sup
uj ,vj∈C
n with ‖uj‖Cn,‖vj‖Cn≤1
∀j∈{1,··· ,n}
| det(〈uj ,vk〉CnC(xjσjxj ,ykτkyk))1≤j,k≤n| ≤ 4n,
where ‖u‖Cn := 〈u,u〉1/2Cn for all u ∈ Cn.
Remark 2.6. The statement of [18, Theorem 2.4] is on the determinant bound of
the covariance matrices independent of the spin coordinate. It is, however, straight-
forward to derive the bound claimed in Lemma 2.5 on our spin-dependent covariance
matrix from [18, Theorem 2.4].
We can expand −1/β∂/∂λX˜1 log(P ({UX }X∈Γ4))|λX=0,∀X∈Γ4 as a power series of
U as follows.
Proposition 2.7. Assume that U ∈ C satisfies |U | < log 2/(16βL4d). Then there
exists ε > 0 such that if {λX }X∈Γ4 satisfies |λX | ≤ ε for all X ∈ Γ4, the inequality
(2.9) holds. Moreover, we have
− 1
β
∂
∂λX˜1
log(P ({UX}X∈Γ4))
∣∣∣ λX=0
∀X∈Γ4
=
∞∑
n=0
anU
n, (2.10)
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where the coefficients {an}∞n=0 are given by
an := − 1
β
∂
∂λX˜1
n+1∑
j=1
(−1)j−1
j
∑
m1+···+mj=n+1
mk≥1,∀k∈{1,··· ,j}
j
Π
k=1
Gmk
∣∣∣∣∣ λX=0
∀X∈Γ4
, (2.11)
with {Gn}∞n=1 defined by
Gn :=
1
n!
n
Π
j=1
(
−
∑
x2j−1,x2j ,y2j−1,y2j∈Γ
∑
σ2j−1,σ2j∈{↑,↓}
∫ β
0
dx2j−1δσ2j−1,↑δσ2j ,↓
· (δx2j−1,x2jδy2j−1,y2jδx2j−1,y2j−1 + λx2j−1,x2j,y2j−1,y2j + λy2j−1,y2j ,x2j−1,x2j )
)
· det(C(xjσjxj ,ykσkxk))1≤j,k≤2n
∣∣∣ x2j=x2j−1
∀j∈{1,2,··· ,n}
.
(2.12)
Proof. Let us fix U ∈ C with |U | < log 2/(16βL4d). Take any
ε ∈ (0, log 2/(32βL4d)− |U |/2) and assume that {λX }X∈Γ4 satisfies |λX | ≤ ε for all
X ∈ Γ4. Then, we see that for all X ∈ Γ4
|UX | < log 2
16βL4d
. (2.13)
By using the inequality (2.13) and Lemma 2.5 we observe that
|P ({UX }X∈Γ4)− 1| <
∞∑
n=1
1
n!
(
βL4d · log 2
16βL4d
· 16
)n
= elog 2 − 1 = 1. (2.14)
The inequality (2.14) allows us to consider log(P ({UX }X∈Γ4)) as an analytic func-
tion of the multi-variable {UX}X∈Γ4 in the domain (2.13). Moreover, we have
− 1
β
∂
∂λX˜1
log(P ({UX }X∈Γ4))
∣∣∣ λX=0
∀X∈Γ4
= − 1
β
∞∑
m=0
(−1)m
(
P ({UX}X∈Γ4)
∣∣∣ λX=0
∀X∈Γ4
− 1
)m
∂
∂λX˜1
P ({UX}X∈Γ4)
∣∣∣ λX=0
∀X∈Γ4
,
(2.15)
where we used the equality that d log(z)/dz =
∑∞
m=0(−1)m(z − 1)m (∀z ∈ C with
|z − 1| < 1). Furthermore, we can write
P ({UX}X∈Γ4)
∣∣∣ λX=0
∀X∈Γ4
− 1 =
∞∑
n=1
Gn
∣∣∣ λX=0
∀X∈Γ4
Un,
∂
∂λX˜1
P ({UX}X∈Γ4)
∣∣∣ λX=0
∀X∈Γ4
=
∞∑
n=1
∂
∂λX˜1
Gn
∣∣∣ λX=0
∀X∈Γ4
Un−1,
(2.16)
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where Gn (n ∈ N) is defined in (2.12). By substituting (2.16) into (2.15) we obtain
− 1
β
∂
∂λX˜1
log(P ({UX }X∈Γ4))
∣∣∣ λX=0
∀X∈Γ4
= − 1
β
∞∑
m=0
(
−
∞∑
n=1
Gn
∣∣∣ λX=0
∀X∈Γ4
Un
)m ∞∑
n=1
∂
∂λX˜1
Gn
∣∣∣ λX=0
∀X∈Γ4
Un−1.
(2.17)
Again by using Lemma 2.5 we can show that for U ∈ C with
|U | < log 2/(16βL4d)
∞∑
n=1
∣∣∣∣Gn∣∣∣ λX=0
∀X∈Γ4
∣∣∣∣ |U |n < 1, ∞∑
n=1
∣∣∣∣∣ ∂∂λX˜1Gn
∣∣∣ λX=0
∀X∈Γ4
∣∣∣∣∣ |U |n−1 <∞. (2.18)
Since the radius of convergence of the power series
∑∞
m=0 z
m is 1, the inequalities
(2.18) provide a sufficient condition to reorder the right hand side of (2.17) (see,
e.g, [14, Theorem 3.1, Theorem 3.4] for products and compositions of convergent
power series) to deduce
− 1
β
∂
∂λX˜1
log(P ({UX}X∈Γ4))
∣∣∣ λX=0
∀X∈Γ4
= − 1
β
∂
∂λX˜1
G1
∣∣∣ λX=0
∀X∈Γ4
− 1
β
∞∑
n=1
(
n∑
l=1
∂
∂λX˜1
Gl
∣∣∣ λX=0
∀X∈Γ4
n+1−l∑
j=1
∑
m1+···+mj=n+1−l
mk≥1,∀k∈{1,··· ,j}
· jΠ
k=1
(−Gmk)
∣∣∣ λX=0
∀X∈Γ4
+
∂
∂λX˜1
Gn+1
∣∣∣ λX=0
∀X∈Γ4
)
Un.
(2.19)
Arranging (2.19) yields (2.11).
By restricting U to be real in (2.10), we obtain the power series expansion of
the correlation function 〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉. At this point,
however, we only know that the series
∑∞
n=0 anU
n converges for U ∈ C with |U | <
log 2/(16βL4d), which heavily depends on the volume factor Ld. With the aim of
enlarging the radius of convergence and finding upper bounds of the power series∑∞
n=0 anU
n, we will construct our theory in the following sections.
3 Grassmann Gaussian integral formulation
In this section we discretize the integrals over [0, β] contained in the perturbation
series P ({UX }X∈Γ4) so that the discretized perturbation series can be formulated
in a Grassmann Gaussian integral involving only finite dimensional Grassmann al-
gebras. Moreover, by showing that the discrete analog of P uniformly converges to
the original P , we characterize our partition function Tr e−βH/Tr e−βH0 and the 4
11
point function 〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉 as a limit of finite dimen-
sional Grassmann integrals. The finite dimensional Grassmann Gaussian integral
formulation will then enable us to apply the tree formula for the connected part of
the exponential of Laplacian operator of the Grassmann left derivatives to express
each term of the discretized perturbation series as a finite sum over trees in Section
4.
3.1 Discretization of the integral over [0, β]
We define the fully discrete perturbation series by replacing the integral
∫ β
0
dx in
P ({UX }X∈Γ4) by the Riemann sum. Let us introduce finite sets [0, β)h and [−β, β)h
parameterized by h ∈ N/β as follows.
[0, β)h :=
{
0,
1
h
,
2
h
, · · · , β − 1
h
}
,
[−β, β)h :=
{
−β,−β + 1
h
,−β + 2
h
, · · · , β − 1
h
}
.
Note that ♯[0, β)h = βh and ♯[−β, β)h = 2βh. We define the function Ph({UX }X∈Γ4)
of the multi-variable {UX }X∈Γ4(⊂ C) by
Ph({UX}X∈Γ4) :=
1 +
Ldβh∑
n=1
1
n!
n
Π
j=1
(
− 1
h
∑
x2j−1,x2j ,y2j−1,y2j∈Γ
∑
σ2j−1,σ2j∈{↑,↓}
∑
x2j−1,x2j∈[0,β)h
· δσ2j−1,↑δσ2j ,↓δx2j−1,x2jUx2j−1,x2j ,y2j−1,y2j
)
det(C(xjσjxj ,ykσkxk))1≤j,k≤2n.
(3.1)
Note that if n > Ldβh, det(C(xjσjxj ,ykτkyk))1≤j,k≤2n = 0 for any (xj , σj , xj),
(yj , τj , yj) ∈ Γ×{↑, ↓}×[0, β)h (j ∈ {1, · · · , 2n}), since ♯Γ×{↑, ↓}×[0, β)h = 2Ldβh.
Let us summarize the properties of the function Ph in the same manner as in
Proposition 2.7
Lemma 3.1. Assume that U ∈ C satisfies |U | < log 2/(16βL4d). The following
statements hold.
(i) There exists ε > 0 such that for any {λX }X∈Γ4(⊂ C) with |λX | ≤ ε (∀X ∈ Γ4)
and any h ∈ N/β, the inequality |Ph({UX }X∈Γ4)− 1| < 1 holds.
(ii) For any h ∈ N/β
− 1
β
∂
∂λX˜1
log(Ph({UX }X∈Γ4))
∣∣∣ λX=0
∀X∈Γ4
=
∞∑
n=0
ah,nU
n,
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where the coefficients {ah,n}∞n=0 are given by
ah,n := − 1
β
∂
∂λX˜1
(
n+1∑
j=1
(−1)j−1
j
∑
m1+···+mj=n+1
mk≥1,∀k∈{1,··· ,j}
j
Π
k=1
Gh,mk
)∣∣∣∣∣ λX=0
∀X∈Γ4
, (3.2)
with {Gh,n}∞n=1 defined by
Gh,n :=
1
n!
n
Π
j=1
(
− 1
h
∑
x2j−1,x2j ,y2j−1,y2j∈Γ
∑
σ2j−1,σ2j∈{↑,↓}
∑
x2j−1,x2j∈[0,β)h
· δσ2j−1,↑δσ2j ,↓δx2j−1,x2j
· (δx2j−1,x2jδy2j−1,y2jδx2j−1,y2j−1 + λx2j−1,x2j ,y2j−1,y2j + λy2j−1,y2j ,x2j−1,x2j )
)
· det(C(xjσjxj ,ykσkxk))1≤j,k≤2n.
(3.3)
(iii) For all n ∈ N ∪ {0}, limh→+∞,h∈N/β ah,n = an, where {an}∞n=0 is defined in
(2.11)-(2.12).
Proof. The proofs for the claims (i) and (ii) are parallel to that of Proposition 2.7,
based on Lemma 2.5. By the definition (2.7) det(C(xjσjxj ,ykσkxk))1≤j,k≤2n is
piece-wise smooth with respect to the variables {xj}2nj=1, which implies that the
Riemann sums over [0, β)h in Gh,n all converge to the corresponding integrals in
Gn as h→ +∞. Thus, the claim (iii) is true.
Lemma 3.1 (iii) tells us that establishing an h-dependent upper bound on |ah,n|
and showing that the upper bound converges as h → +∞ lead to finding a bound
on |an|. This goal will be achieved in Section 4.
The main aim of this section is to formulate Ph as a finite dimensional Grassmann
Gaussian integral, which will be used in the characterization of the coefficients
{ah,n}∞n=0 in Section 4. Though it is not directly required in our search for the upper
bound on
∑∞
n=0 anU
n, to represent the original partition function P and the 4 point
function 〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑+ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉 as a limit of the finite dimensional
Grassmann integrals also interests us. The following uniform convergence property
of Ph provides a framework to this purpose. The following proposition will be
referred in the proof of our main theorem Theorem 4.10 as well.
Proposition 3.2. For any r > 0
lim
h→+∞
h∈N/β
sup
UX∈C with |UX |≤r
∀X∈Γ4
|Ph({UX }X∈Γ4)− P ({UX }X∈Γ4)| = 0. (3.4)
Remark 3.3. For the same reason as for the convergence property Lemma 3.1
(iii), each term of the series Ph({UX }X∈Γ4) converges to the corresponding term of
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P ({UX }X∈Γ4) as h → +∞. By using this fact and Lebesgue’s dominated conver-
gence theorem for l1-space, the convergence property (3.4) can be shown. Below
we present an elementary proof without employing the convergence theorem of the
Lebesgue integration theory.
Proof of Proposition 3.2. By using Lemma 2.5 and the inequality that |UX | ≤
r (∀X ∈ Γ4), we have
|P ({UX }X∈Γ4)− Ph({UX }X∈Γ4)| ≤
∞∑
n=βh+1
2
n!
(rβL4d)n42n
+
βh∑
n=2
1
n!
n
Π
j=1
 ∑
x2j−1,x2j ,y2j−1,y2j∈Γ
∑
σ2j−1,σ2j∈{↑,↓}
δσ2j−1,↑δσ2j ,↓|Ux2j−1,x2j,y2j−1,y2j |

·
∣∣∣∣∣ nΠj=1
(∫ β
0
ds2j−1
)
det(C(xjσjsj,ykσksk))1≤j,k≤2n
∣∣∣ s2j=s2j−1
∀j∈{1,··· ,n}
− nΠ
j=1
1
h
∑
x2j−1∈[0,β)h
 det(C(xjσjxj ,ykσkxk))1≤j,k≤2n∣∣∣ x2j=x2j−1
∀j∈{1,··· ,n}
∣∣∣∣∣
≤
∞∑
n=βh+1
2
n!
(rβL4d)n42n
+
βh∑
n=2
1
n!
(rL4d)n sup
xj ,yj∈Γ,σj∈{↑,↓}
∀j∈{1,··· ,2n}
n
Π
j=1
 βh−1∑
l2j−1=0
∫ (l2j−1+1)/h
l2j−1/h
ds2j−1

·
∣∣∣ det(C(xjσjsj ,ykσksk))1≤j,k≤2n∣∣∣ s2j=s2j−1
∀j∈{1,··· ,n}
− det(C(xjσj lj/h,ykσklk/h))1≤j,k≤2n
∣∣∣ l2j=l2j−1
∀j∈{1,··· ,n}
∣∣∣.
(3.5)
We especially need to show that the second term of the right hand side of the
inequality (3.5) converges to 0 as h→ +∞.
Let us fix n ∈ {2, 3, · · · , βh} and xj ,yj ∈ Γ, σj ∈ {↑, ↓} (∀j ∈ {1, · · · , 2n}).
There exists a function
g : (−β, β)n(n−1)/2 → R, g ∈ C∞(((−β, β)\{0})n(n−1)/2)
such that for all s2j−1 ∈ [0, β) (∀j ∈ {1, · · · , n})
g(s1 − s3, s1 − s5, · · · , s1 − s2n−1, s3 − s5, · · · , s3 − s2n−1, · · · , s2n−3 − s2n−1)
= det(C(xjσjsj ,ykσksk))1≤j,k≤2n| s2j=s2j−1
∀j∈{1,··· ,n}
.
Note that by using the property that Ek = E−k for all k ∈ Γ∗, we can show
C(xσx,yτy) ∈ R for all (x, σ, x), (y, τ, y) ∈ Γ× {↑, ↓} × [0, β)h. Thus, the function
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g is chosen to be real-valued. Then we see that
n
Π
j=1
 βh−1∑
l2j−1=0
∫ (l2j−1+1)/h
l2j−1/h
ds2j−1

·
∣∣∣ det(C(xjσjsj ,ykσksk))1≤j,k≤2n| s2j=s2j−1
∀j∈{1,··· ,n}
− det(C(xjσj lj/h,ykσklk/h))1≤j,k≤2n| l2j=l2j−1
∀j∈{1,··· ,n}
∣∣∣
=
n
Π
j=1
 βh−1∑
l2j−1=0
∫ (l2j−1+1)/h
l2j−1/h
ds2j−1
 (χl + (1− χl)χl,s)
· |g(s1 − s3, · · · , s2n−3 − s2n−1)− g(l1/h− l3/h, · · · , l2n−3/h− l2n−1/h)|,
(3.6)
where the functions χl, χl,s are defined by
χl :=
{
1 if there exist j, k ∈ {1, · · · , n} such that j 6= k and l2j−1 = l2k−1,
0 otherwise,
and
χl,s :=
 1 if s2j−1 − s2k−1 6= l2j−1/h− l2k−1/hfor all j, k ∈ {1, · · · , n} with j 6= k,
0 otherwise.
Let us fix l = (l1, l3, · · · , l2n−1) and s = (s1, s3, · · · , s2n−1) with
l2j−1 ∈ {0, 1, · · · , βh − 1}, s2j−1 ∈ (l2j−1/h, (l2j−1 + 1)/h) for all j ∈ {1, · · · , n}
satisfying χl = 0 and χl,s = 1. In this case l2j−1 6= l2k−1 and s2j−1 − s2k−1 6=
l2j−1/h − l2k−1/h for all j, k ∈ {1, · · · , n} with j 6= k. Note that if l2j−1 <
l2k−1, l2j−1/h − l2k−1/h, s2j−1 − s2k−1 ∈ (−β, 0). If l2j−1 > l2k−1, l2j−1/h −
l2k−1/h, s2j−1− s2k−1 ∈ (0, β). Let us set the interval I(b, c) for b, c ∈ R with b 6= c
by
I(b, c) := [b, c] if b < c, [c, b] if b > c.
Then we see that I(s2j−1 − s2k−1, l2j−1/h − l2k−1/h) ⊂ (−β, β)\{0} for all j, k ∈
{1, · · · , n} with j 6= k. Since g ∈ C∞(((−β, β)\{0})n(n−1)/2), the mean value
theorem ensures that for any j, k ∈ {1, · · · , n} with j < k there exists θ2j−1,2k−1 ∈
I(s2j−1 − s2k−1, l2j−1/h− l2k−1/h) such that
g(s1 − s3, · · · , s2n−3 − s2n−1)− g(l1/h− l3/h, · · · , l2n−3/h− l2n−1/h)
= 〈∇g(θ1,3, · · · , θ2n−3,2n−1),
(s1 − s3 − (l1/h− l3/h), · · · , s2n−3 − s2n−1 − (l2n−3/h− l2n−1/h))t〉,
which leads to
|g(s1 − s3, · · · , s2n−3 − s2n−1)− g(l1/h− l3/h, · · · , l2n−3/h− l2n−1/h)|
≤ 1
h
(
n(n− 1)
2
)1/2
sup
s∈((−β,β)\{0})n(n−1)/2
|∇g(s)|. (3.7)
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Moreover, by using Lemma 2.5 we see that for j < k,∣∣∣∣ ∂∂(s2j−1 − s2k−1)g(s1 − s3, · · · , s2n−3 − s2n−1)
∣∣∣∣ ≤ 1∑
p1=0
1∑
p2=0
·
( ∣∣∣∣ ∂∂(s2j−1 − s2k−1)C(x2j−1+p1σ2j−1+p1s2j−1,y2k−1+p2σ2k−1+p2s2k−1)
∣∣∣∣
+
∣∣∣∣ ∂∂(s2j−1 − s2k−1)C(x2k−1+p1σ2k−1+p1s2k−1,y2j−1+p2σ2j−1+p2s2j−1)
∣∣∣∣
)
42n−1
≤ 8 · 42n−1 sup
x∈Γ,x∈(−β,β)\{0}
∣∣∣∣ ∂∂xC(x↑x,0↑0)
∣∣∣∣ .
(3.8)
By (3.7)-(3.8) we have
n
Π
j=1
 βh−1∑
l2j−1=0
∫ (l2j−1+1)/h
l2j−1/h
ds2j−1
 (1 − χl)χl,s
· |g(s1 − s3, · · · , s2n−3 − s2n−1)− g(l1/h− l3/h, · · · , l2n−3/h− l2n−1/h)|
≤ n(n− 1)β
n42n
h
sup
x∈Γ,x∈(−β,β)\{0}
∣∣∣∣ ∂∂xC(x↑x,0↑0)
∣∣∣∣ .
(3.9)
On the other hand, note that
♯{l/h ∈ [0, β)nh | χl = 1} = (βh)n − ♯{l/h ∈ [0, β)nh | χl = 0}
= (βh)n −
(
βh
n
)
n! ≤ n2(βh)n−1, (3.10)
where we used the inequality
Nn −
(
N
n
)
n! ≤ n2Nn−1,
which holds for all N ∈ N and n ∈ {0, 1, · · · , N}. By using Lemma 2.5 and (3.10)
we obtain
n
Π
j=1
 βh−1∑
l2j−1=0
∫ (l2j−1+1)/h
l2j−1/h
ds2j−1
χl
· |g(s1 − s3, · · · , s2n−3 − s2n−1)− g(l1/h− l3/h, · · · , l2n−3/h− l2n−1/h)|
≤ 2h−nn2(βh)n−142n = 2
h
n2βn−142n.
(3.11)
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Combining (3.6), (3.9), (3.11) with (3.5) shows
sup
UX∈C with |UX |≤r
∀X∈Γ4
|P ({UX}X∈Γ4)− Ph({UX }X∈Γ4)|
≤
∞∑
n=βh+1
2
n!
(rβL4d)n42n +
1
h
βh∑
n=2
1
n!
(rL4d)n
·
(
n(n− 1)βn42n sup
x∈Γ,x∈(−β,β)\{0}
∣∣∣∣ ∂∂xC(x↑x,0↑0)
∣∣∣∣+ 2n2βn−142n
)
→ 0,
as h→ +∞, h ∈ N/β.
Corollary 3.4. For all U ∈ R
〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉 = −
1
β
lim
h→+∞
h∈N/β
∂
∂λX˜1
Ph({UX }X∈Γ4)
Ph({UX }X∈Γ4)
∣∣∣∣∣λX=0
X∈Γ4
.
(3.12)
Proof. The relation (2.4) and Cauchy’s integral formula ensure that for any
{U˜X}X∈Γ4 ⊂ C and r > 0
∂
∂λX˜1
(Ph − P )({U˜X }X∈Γ4) =
(
∂
∂UX˜1
+
∂
∂UX˜2
)
(Ph − P )({U˜X }X∈Γ4)
=
1
2πi
(∮
|UX˜1
−U˜X˜1
|=r
dUX˜1
(Ph − P )({UX }X∈Γ4)
(UX˜1 − U˜X˜1)2
+
∮
|UX˜2
−U˜X˜2
|=r
dUX˜2
(Ph − P )({UX }X∈Γ4)
(UX˜2 − U˜X˜2)2
)∣∣∣∣∣UX=U˜X
∀X∈Γ4
.
(3.13)
By applying Proposition 3.2 to (3.13) we can show that for any r˜ > 0 and any
{U˜X}X∈Γ4 with |U˜X | ≤ r˜ (∀X ∈ Γ4)∣∣∣∣∣ ∂∂λX˜1 (Ph − P )({U˜X }X∈Γ4)
∣∣∣∣∣
≤ 2
r
sup
{UX}X∈Γ4
⊂C
|UX |≤r+r˜,∀X∈Γ
4
|Ph({UX }X∈Γ4)− P ({UX}X∈Γ4)| → 0
(3.14)
as h→ +∞, h ∈ N/β. Combining (3.14) with Lemma 2.1 yields (3.12).
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3.2 The Grassmann Gaussian integral
To deal with the discretized partition function Ph rather than P is advantageous
since the variables run in the finite set Γ×{↑, ↓}× [0, β)h in every term of the power
series Ph. Accordingly, we can formulate Ph as a Grassmann Gaussian integral on
finite Grassmann algebras. Elementary calculus on finite Grassmann algebras has
been summarized in the books [6], [20]. For a convenience of calculation, especially
in order to refer to Proposition C.7 shown in Appendix C, we assume that h ∈ 2N/β
from now.
Let us number elements of the set Γ × {↑, ↓} × [0, β)h so that we can write
Γ×{↑, ↓}× [0, β)h = {(xj , σj , xj) | j ∈ {1, · · · , N}} with N := 2Ldβh. We then in-
troduce a set of Grassmann algebras denoted by {ψxjσjxj , ψxjσjxj | j ∈ {1, · · · , N}}.
Remind us that the Grassmann algebra {ψxjσjxj , ψxjσjxj | j ∈ {1, · · · , N}} satisfies
the anti-commutation relations
ψxjσjxjψxkσkxk = −ψxkσkxkψxjσjxj , ψxjσjxjψxkσkxk = −ψxkσkxkψxjσjxj ,
ψxjσjxjψxkσkxk = −ψxkσkxkψxjσjxj
for all j, k ∈ {1, · · · , N}.
Let C[ψxjσjxj , ψxjσjxj |j ∈ {1, · · · , N}] denote the complex linear space spanned
by all the monomials consisting of {ψxjσjxj , ψxjσjxj |j ∈ {1, · · · , N}}. As a linear
functional on C[ψxjσjxj , ψxjσjxj |j ∈ {1, · · · , N}], the Grassmann integral∫ ·dψxNσNxN · · · dψx1σ1x1dψxNσNxN · · · dψx1σ1x1 is defined as follows.∫
ψx1σ1x1 · · ·ψxNσNxNψx1σ1x1 · · ·ψxNσNxN
· dψxNσNxN · · · dψx1σ1x1dψxNσNxN · · · dψx1σ1x1 := 1,∫
ψxj1σj1xj1 · · ·ψxjnσjnxjnψxk1σk1xk1 · · ·ψxkmσkmxkm
· dψxNσNxN · · · dψx1σ1x1dψxNσNxN · · · dψx1σ1x1 := 0
if n 6= N or m 6= N , and linearly extended onto the whole space.
Let us simply write the vectors of the Grassmann algebras
(ψx1σ1x1 , · · · , ψxNσNxN ), (ψx1σ1x1 , · · · , ψxNσNxN ) as
ψX = (ψx1σ1x1 , · · · , ψxNσNxN ), ψX = (ψx1σ1x1 , · · · , ψxNσNxN ).
In order to indicate the dependency on the parameter h, we write the covariance
matrix as
Ch := (C(xjσjxj ,xkσkxk))1≤j,k≤N
and define a 2N × 2N skew symmetric matrix Ch by
Ch :=
(
0 Ch
−Cth 0
)
.
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The diagonalization of Ch is presented in Appendix C. Here we note the fact that
detCh 6= 0 proved in Proposition C.7 to see that Ch is invertible.
For any f(ψX , ψX) ∈ C[ψxjσjxj , ψxjσjxj |j ∈ {1, · · · , N}], ef(ψX ,ψX) is defined
by
ef(ψX ,ψX ) := ef(0,0)
(
2N∑
n=0
1
n!
(f(ψX , ψX)− f(0, 0))n
)
,
where f(0, 0) denotes the constant part of f(ψX , ψX).
Let us also write in short
dψX = dψxNσNxN · · · dψx1σ1x1 , dψX = dψxNσNxN · · · dψx1σ1x1 .
Definition 3.5. As a linear functional on C[ψxjσjxj , ψxjσjxj |j ∈ {1, · · · , N}], the
Grassmann Gaussian integral
∫ ·dµCh(ψX , ψX) is defined by∫
f(ψX , ψX)dµCh(ψX , ψX) :=
∫
f(ψX , ψX)e
− 12 〈(ψX ,ψX)
t,C−1h (ψX ,ψX )
t〉dψXdψX∫
e−
1
2 〈(ψX ,ψX )
t,C−1h (ψX ,ψX)
t〉dψXdψX
,
(3.15)
for all f(ψX , ψX) ∈ C[ψxjσjxj , ψxjσjxj |j ∈ {1, · · · , N}].
Remark 3.6. The denominator of (3.15) is non-zero. In fact, a direct calculation
and the assumption h ∈ 2N/β show∫
e−
1
2 〈(ψX ,ψX)
t,C−1h (ψX ,ψX)
t〉dψXdψX = (detCh)
−1(−1)N(N−1)/2 = (detCh)−1,
which takes a positive value independent of h by Proposition C.7.
The Grassmann Gaussian integral representation of Ph is as follows.
Proposition 3.7. Assume that {UX }X∈Γ4(⊂ C) satisfies the equality that for all
x,y, z,w ∈ Γ
Ux,y,z,w = Uz,w,x,y. (3.16)
The following equality holds.
Ph({UX }X∈Γ4) =
∫
e
P
x,y,z,w∈Γ Ux,y,z,wVh,x,y,z,w(ψX ,ψX )dµCh(ψX , ψX),
where
Vh,x,y,z,w(ψX , ψX) := −
1
h
∑
x∈[0,β)h
ψx↑xψy↓xψw↓xψz↑x.
Proof. By substituting the equalities
∫
1dµCh(ψX , ψX) = 1 and∫
ψxjnσjnxjn · · ·ψxj1σj1xj1ψxk1σk1xk1 · · ·ψxknσknxkndµCh(ψX , ψX)
= det(Ch(xjpσjpxjp ,xkqσkqxkq ))1≤p,q≤n
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for any j1, · · · , jn, k1, · · · , kn ∈ {1, 2, · · · , N} (see [6, Problem I.13]) into (3.1), we
have
Ph({UX }X∈Γ4) = 1 +
Ldβh∑
n=1
1
n!
n
Π
j=1
(
− 1
h
∑
x2j−1,x2j ,y2j−1,y2j∈Γ
∑
σ2j−1,σ2j∈{↑,↓}
·
∑
x2j−1,x2j∈[0,β)h
δσ2j−1,↑δσ2j ,↓δx2j−1,x2jUx2j−1,x2j ,y2j−1,y2j
)
·
∫
ψx2nσ2nx2n · · ·ψx1σ1x1ψy1σ1x1 · · ·ψy2nσ2nx2ndµCh(ψX , ψX)
=
∫ (
1 +
Ldβh∑
n=1
1
n!
n
Π
j=1
(
− 1
h
∑
x2j−1,x2j ,y2j−1,y2j∈Γ
∑
σ2j−1,σ2j∈{↑,↓}
∑
x2j−1,x2j∈[0,β)h
· δσ2j−1,↑δσ2j ,↓δx2j−1,x2jUx2j−1,x2j ,y2j−1,y2j
· ψx2jσ2jx2jψx2j−1σ2j−1x2j−1ψy2j−1σ2j−1x2j−1ψy2jσ2jx2j
))
dµCh(ψX , ψX)
=
∫
e
− 1h
P
x,y,z,w∈Γ
P
x∈[0,β)h
Ux,y,z,wψx↑xψy↓xψw↓xψz↑xdµCh(ψX , ψX).
(3.17)
To obtain the last equality of (3.17) we used the equality (3.16).
As a corollary, our original partition functions and the correlation function are
represented as a limit of the finite dimensional Grassmann integrals.
Corollary 3.8. For any U ∈ R and {λX }X∈Γ4 ⊂ R, the following equalities hold.
Tr e−βHλ
Tr e−βH0
= lim
h→+∞
h∈2N/β
∫
e
P
x,y,z,w∈Γ Ux,y,z,wVh,x,y,z,w(ψX ,ψX)dµCh(ψX , ψX), (3.18)
Tr e−βH
Tr e−βH0
= lim
h→+∞
h∈2N/β
∫
e
−Uh
P
x∈Γ
P
x∈[0,β)h
ψx↑xψx↓xψx↓xψx↑xdµCh(ψX , ψX), (3.19)
〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉
= lim
h→+∞
h∈2N/β
1
βh
∑
x∈[0,β)h
∫
(ψx1↑xψx2↓xψy2↓xψy1↑x + ψy1↑xψy2↓xψx2↓xψx1↑x)
· e−Uh
P
x∈Γ
P
x∈[0,β)h
ψx↑xψx↓xψx↓xψx↑xdµCh(ψX , ψX)/∫
e
−Uh
P
x∈Γ
P
x∈[0,β)h
ψx↑xψx↓xψx↓xψx↑xdµCh(ψX , ψX).
(3.20)
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Proof. Since the relation (2.4) implies the condition (3.16), we can apply Proposition
3.2 and Proposition 3.7 to deduce (3.18). The equality (3.19) is (3.18) for λX = 0
(∀X ∈ Γ4). Note the fact that
∂
∂λX˜1
e
P
X∈Γ4 UXVh,X (ψX ,ψX )
∣∣∣ λX=0
∀X∈Γ4
= − 1
h
∑
x∈[0,β)h
(ψx1↑xψx2↓xψy2↓xψy1↑x + ψy1↑xψy2↓xψx2↓xψx1↑x)
· e−Uh
P
x∈Γ
P
x∈[0,β)h
ψx↑xψx↓xψx↓xψx↑x ,
(3.21)
where the differential operator ∂/∂λX˜1 is defined to act on every coefficient of Grass-
mann monomials in the expansion e
P
X∈Γ4 UXVh,X (ψX ,ψX) (see [6, Problem I.3]).
Moreover, by expanding e
P
X∈Γ4 UXVh,X (ψX ,ψX) one can verify the equality
∂
∂λX˜1
∫
e
P
X∈Γ4 UXVh,X (ψX ,ψX )dµCh(ψX , ψX)
=
∫
∂
∂λX˜1
e
P
X∈Γ4 UXVh,X (ψX ,ψX )dµCh(ψX , ψX).
(3.22)
The equality (3.20) follows from Corollary 3.4, Proposition 3.7 and (3.21)-(3.22).
4 Upper bound on the perturbation series
In this section we calculate upper bounds on our perturbation series
∑∞
n=0 anU
n by
evaluating the tree formula for the connected part of the exponential of Laplacian
operator. In order to employ the Grassmann Gaussian integral formulation of Ph
developed in Section 3.2, we assume that h ∈ 2N/β throughout this section.
4.1 The connected part of the exponential of Laplacian op-
erator
Our approach to find an upper bound on |an| of our perturbation series
∑∞
n=0 anU
n
is based on the characterization of the connected part of the exponential of the
Laplacian operator of Grassmann left derivatives reported in [22]. Let us construct
our argument step by step to reveal the structure of the problem.
The Grassmann integral
∫
e
P
X∈Γ4 UXVh,X (ψX ,ψX )dµCh(ψX , ψX) can be viewed
as an analytic function of the multi-variable {UX}X∈Γ4. Since∫
e
P
X∈Γ4 UXVh,X (ψX ,ψX )dµCh(ψX , ψX)
∣∣∣∣∣ UX=0
∀X∈Γ4
= 1,
if |UX | is sufficiently small for all X ∈ Γ4, the inequality∣∣∣ ∫ ePX∈Γ4 UXVh,X (ψX ,ψX)dµCh(ψX , ψX)− 1∣∣∣ < 1
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holds. Thus, we can define a function Wh({UX }X∈Γ4) by
Wh({UX }X∈Γ4) := log
(∫
e
P
X∈Γ4 UXVh,X (ψX ,ψX )dµCh(ψX , ψX)
)
,
which is analytic in a neighborhood of 0 in CL
4d
.
Lemma 4.1. For all h ∈ 2N/β and n ∈ N ∪ {0}, the following equality holds.
ah,n = − 1
βn!
∑
z1,··· ,zn∈Γ
(
∂n+1Wh
∂Ux1,x2,y1,y2∂Uz1,z1,z1,z1 · · ·∂Uzn,zn,zn,zn
∣∣∣∣∣ UX=0
∀X∈Γ4
+
∂n+1Wh
∂Uy1,y2,x1,x2∂Uz1,z1,z1,z1 · · ·∂Uzn,zn,zn,zn
∣∣∣∣∣ UX=0
∀X∈Γ4
)
,
(4.1)
where ah,n was defined in (3.2)-(3.3).
Proof. The Taylor expansion of Wh({UX }X∈Γ4) around 0 is given by
Wh({UX }X∈Γ4) =Wh| UX=0
∀X∈Γ4
+
∞∑
n=1
1
n!
∑
X1,··· ,Xn∈Γ4
∂nWh
∂UX1 · · · ∂UXn
∣∣∣∣∣ UX=0
∀X∈Γ4
UX1 · · ·UXn .
(4.2)
Fix any U ∈ C with |U | < log 2/(16βL4d). Let ε > 0 be the constant claimed
in Lemma 3.1 (i). By using a parameter {λX }X∈Γ4(⊂ C) with |λX | ≤ ε (∀X ∈
Γ4) we define the variable {UX }X∈Γ4 by the equality (2.4). Then the inequality
|Ph({UX }X∈Γ4)−1| < 1 holds by Lemma 3.1 (i) and the condition (3.16) is satisfied.
Thus, Proposition 3.7 ensures that Wh({UX}X∈Γ4) = log(Ph({UX }X∈Γ4)) for this
{UX}X∈Γ4. Moreover, by the equalities (2.4) and (4.2) we have that
− 1
β
∂
∂λX˜1
log(Ph)
∣∣∣ λX=0
∀X∈Γ4
= − 1
β
∂
∂λX˜1
Wh
∣∣∣ λX=0
∀X∈Γ4
= − 1
β
(
∂
∂UX˜1
+
∂
∂UX˜2
)
Wh
∣∣∣ λX=0
∀X∈Γ4
= − 1
β
∞∑
n=1
Un−1
(n− 1)!
∑
z1,··· ,zn−1∈Γ
(
∂nWh
∂UX˜1∂Uz1,z1,z1,z1 · · · ∂Uzn−1,zn−1,zn−1,zn−1
∣∣∣ UX=0
∀X∈Γ4
+
∂nWh
∂UX˜2∂Uz1,z1,z1,z1 · · ·∂Uzn−1,zn−1,zn−1,zn−1
∣∣∣ UX=0
∀X∈Γ4
)
.
By uniqueness of Taylor series and Lemma 3.1 (ii) we obtain (4.1).
A message from Lemma 4.1 is that upper bounds on |ah,n| can be obtained by
characterizing the partial derivatives of Wh at UX = 0 (∀X ∈ Γ4), which is the
way we follow from now. Since |ah,0| can be evaluated directly from (3.2) by using
Lemma 2.5, let us study the equality (4.1) for n ≥ 1. Fix any n ≥ 1 and use the
simplified notations defined as follows.
Zj := (zj , zj , zj , zj) ∈ Γ4 for zj ∈ Γ (∀j ∈ {1, · · · , n}), Z0 := X˜1 ∈ Γ4. (4.3)
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Set Nn+1 := {0, 1, · · · , n}. By noting that
Π
j∈Q
∂
∂UZj
∫
e
P
X∈Γ4 UXVh,X (ψX ,ψX )dµCh(ψX , ψX)
∣∣∣∣∣ UX=0
∀X∈Γ4
= Π
j∈Q
∂
∂UZj
∫
Π
j∈Nn+1
(1 + UZjVh,Zj (ψX , ψX))dµCh(ψX , ψX)
∣∣∣∣∣ UZj=0
∀j∈Nn+1
for any Q ⊂ Nn+1, we see that
Π
j∈Nn+1
∂
∂UZj
Wh
∣∣∣∣∣ UX=0
∀X∈Γ4
= Π
j∈Nn+1
∂
∂UZj
log
(∫
Π
j∈Nn+1
(1 + UZjVh,Zj (ψX , ψX))dµCh(ψX , ψX)
) ∣∣∣∣∣ UZj=0
∀j∈Nn+1
= Π
j∈Nn+1
∂
∂UZj
· log
1 + ∑
Q⊂Nn+1
Q 6=∅
∫
Π
j∈Q
Vh,Zj (ψX , ψX)dµCh(ψX , ψX) Π
j∈Q
UZj
∣∣∣∣∣ UZj=0
∀j∈Nn+1
.
(4.4)
The Grassmann Gaussian integral contained in the right hand side of (4.4) can be
rewritten as follows.
Lemma 4.2. Introduce Grassmann algebras {ψqxjσjxj , ψ
q
xjσjxj |j ∈ {1, · · · , N}} in-
dexed by q ∈ Nn+1 and write
ψqX = (ψ
q
x1σ1x1 , · · · , ψqxNσNxN ), ψ
q
X = (ψ
q
x1σ1x1 , · · · , ψ
q
xNσNxN )
for all q ∈ Nn+1. Let ∂/∂ψqX, ∂/∂ψ
q
X be the vectors of left derivatives associated
with ψqX , ψ
q
X , respectively. Then, the following equality holds. For all Q ⊂ Nn+1
with Q 6= ∅∫
Π
q∈Q
Vh,Zq (ψX , ψX)dµCh(ψX , ψX) = e
∆
Π
q∈Q
Vh,Zq (ψ
q
X , ψ
q
X)
∣∣∣∣∣
ψ
q
X
=ψ
q
X
=0
∀q∈Q
, (4.5)
where the Laplacian operator ∆ and its exponential e∆ are defined by
∆ := −
∑
p,q∈Nn+1
〈
(
∂
∂ψpX
)t
, Ch
(
∂
∂ψ
q
X
)t
〉, e∆ :=
2N(n+1)∑
l=0
1
l!
∆l.
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Remark 4.3. When we introduce another set of Grassmann algebras, let us think
that the complex linear space spanned by monomials of all the Grassmann algebras
introduced up to this point is defined on the assumption of multiplication satis-
fying the anti-commutation relations between these algebras. The notion of the
Grassmann integral
∫ ·dψXdψX is naturally extended to be a linear map from the
enlarged linear space of all the algebras to the subspace without ψX , ψX .
For a monomial φj1 · · ·φjn of Grassmann algebras {φl}ml=1, the left derivative
(∂/∂φl)φj1 · · ·φjn (l ∈ {1, · · · ,m}) is defined by
∂
∂φl
φj1 · · ·φjn :=
 (−1)
k−1φj1 · · ·φjk−1φjk+1 · · ·φjn if there uniquely exists
k ∈ {1, · · · , n} s.t. l = jk,
0 otherwise.
Then, the left derivative ∂/∂φl is extended to be a linear map on the linear space
of monomials of the algebras {φl}ml=1.
The concepts of Grassmann integrals and left derivatives are generally defined
as operators on Grassmann algebra with coefficients in a superalgebra (see [6,
Chapter I]).
Proof of Lemma 4.2. We define another Grassmann algebra {ηqX , ηqX} indexed by
the sets Γ× {↑, ↓} × [0, β)h and Nn+1 and the associated left derivative
{∂/∂ηqX , ∂/∂ηqX} in the same way as {ψqX , ψ
q
X} and {∂/∂ψqX, ∂/∂ψ
q
X}. Then, we
see that for any subset Q ⊂ Nn+1 with Q 6= ∅∫
Π
q∈Q
Vh,Zq (ψX , ψX)dµCh(ψX , ψX)
=
∫
Π
q∈Q
Vh,Zq
(
∂
∂ηqX
,
∂
∂ηqX
)
e〈(η
q
X ,η
q
X )
t,(ψX ,ψX )
t〉dµCh(ψX , ψX)
∣∣∣∣∣
η
q
X
=η
q
X
=0
∀q∈Q
= Π
q∈Q
Vh,Zq
(
∂
∂ηqX
,
∂
∂ηqX
)∫
e〈(η
q
X ,η
q
X )
t,(ψX ,ψX )
t〉dµCh(ψX , ψX)
∣∣∣∣∣ ηq
X
=η
q
X
=0
∀q∈Q
= Π
q∈Q
Vh,Zq
(
∂
∂ηqX
,
∂
∂ηqX
)
e−
P
p,q∈Q 〈(η
p
X)
t,Ch(η
q
X )
t〉
∣∣∣∣∣
η
q
X
=η
q
X
=0
∀q∈Q
= e∆ Π
q∈Q
Vh,Zq (ψ
q
X , ψ
q
X)
∣∣∣
ψ
q
X
=ψ
q
X
=0
∀q∈Q
,
(4.6)
where we have used the equality that∫
e
P
q∈Q 〈(η
q
X ,η
q
X)
t,(ψX ,ψX)
t〉dµCh(ψX , ψX) = e
−
P
p,q∈Q 〈(η
p
X )
t,Ch(η
q
X)
t〉
(see [6, Problem I.13]). To verify the equalities (4.6) in more detail, see the books
[6], [20] for the properties of left derivatives.
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By combining (4.4) with (4.5) we obtain
Π
j∈Nn+1
∂
∂UZj
Wh
∣∣∣∣∣ UX=0
∀X∈Γ4
=
Π
j∈Nn+1
∂
∂UZj
log
1 + ∑
Q⊂Nn+1
Q 6=∅
e∆ Π
q∈Q
Vh,Zq (ψ
q
X , ψ
q
X)
∣∣∣
ψ
q
X
=ψ
q
X
=0
∀q∈Q
Π
p∈Q
UZp
∣∣∣∣∣ UZq=0
∀q∈Nn+1
.
(4.7)
In order to characterize the right hand side of (4.7), let us review the general theory
developed in [22] by translating in our setting. Consider a map α from the power
set P(Nn+1) of Nn+1 to C defined by α(∅) := 1 and for Q ∈ P(Nn+1)\{∅}
α(Q) := e∆ Π
q∈Q
Vh,Zq (ψ
q
X , ψ
q
X)
∣∣∣ψq
X
=ψ
q
X
=0
∀q∈Q
.
By [22, Lemma 1] there uniquely exists a map αc : P(Nn+1) → C such that for all
Q ∈ P(Nn+1)\{∅}
α(Q) =
∑
Q0⊂Q
minQ∈Q0
αc(Q0)α(Q\Q0),
where minQ stands for the smallest number contained in Q. In [22, Lemma 2] it
was proved that the right hand side of (4.7) is equal to αc(Nn+1), which is called
the connected part of the operator e∆. The formula for αc(Nn+1) was given in [22,
Theorem 3]. We summarize the result below.
Lemma 4.4. [22, Theorem 3] The following equality holds.
Π
j∈Nn+1
∂
∂UZj
Wh
∣∣∣∣∣ UX=0
∀X∈Γ4
=
∑
T∈T(Nn+1)
Π
{q,q′}∈T
(∆q,q′ +∆q′,q)
∫
[0,1]n
ds
∑
π∈Sn+1(T )
φ(T, π, s)e∆(M(T,π,s))
· Π
q∈Nn+1
Vh,Zq (ψ
q
X , ψ
q
X)
∣∣∣∣∣
ψ
q
X
=ψ
q
X
=0
∀q∈Nn+1
,
(4.8)
where T(Nn+1) is the set of all the trees (connected graphs without loop) on Nn+1,
∆q,q′ := −〈
(
∂
∂ψqX
)t
, Ch
(
∂
∂ψ
q′
X
)t
〉,
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s := (s1, · · · , sn), Sn+1(T ) is a subset of Sn+1 depending on T , φ(T, π, s) is a
real-valued non-negative function of s depending on T and π with the property that∫
[0,1]n
ds
∑
π∈Sn+1(T )
φ(T, π, s) = 1, (4.9)
M(T, π, s) is an (n+1)× (n+1) real symmetric non-negative matrix depending on
T , π, s satisfying M(T, π, s)q,q = 1 for all q ∈ Nn+1 and the operator ∆(M(T, π, s))
is defined by
∆(M(T, π, s)) :=
∑
p,q∈Nn+1
M(T, π, s)p,q∆p,q.
In order to bound |ah,n|, the tree formula (4.8) will be evaluated in the rest of
this section.
4.2 Evaluation of upper bounds
Here we evaluate the tree expansion given in Lemma 4.4. Let us first prepare
some necessary tools. The following lemma essentially uses the determinant bound
Lemma 2.5.
Lemma 4.5. For any l ∈ N and any pm, qm ∈ Nn+1, (xjm , σjm , xjm),
(xkm , σkm , xkm) ∈ Γ× {↑, ↓} × [0, β)h (∀m ∈ {1, · · · , l})∣∣∣∣∣e∆(M(T,π,s))ψp1xj1σj1xj1 · · ·ψplxjlσjlxjlψq1xk1σk1xk1 · · ·ψqlxklσklxkl ∣∣∣ψqX=ψqX=0
∀q∈Nn+1
∣∣∣∣∣ ≤ 4l.
Proof. SinceM(T, π, s) is a non-negative real symmetric matrix, there are constants
γq ≥ 0 (q ∈ Nn+1) and projection matrices Pq (q ∈ Nn+1) satisfying that PpPq = 0
for all p, q ∈ Nn+1 with p 6= q such that M(T, π, s) =
∑n
q=0 γqPq. Define an
(n+ 1)× (n+ 1) real matrix M˜ by M˜ :=∑nq=0√γqPq. Then we see that
M(T, π, s) = M˜ tM˜. (4.10)
By writing M˜ = (v0, · · · ,vn) with vectors vq ∈ Rn+1 (q ∈ Nn+1), the equality
(4.10) implies that M(T, π, s)p,q = 〈vp,vq〉 for all p, q ∈ Nn+1. The property that
M(T, π, s)q,q = 1 (∀q ∈ Nn+1) ensures that for all q ∈ Nn+1
|vq| = 1. (4.11)
Then we observe that
e∆(M(T,π,s))ψp1xj1σj1xj1 · · ·ψ
pl
xjlσjlxjl
ψ
q1
xk1σk1xk1
· · ·ψqlxklσklxkl
∣∣∣ψq
X
=ψ
q
X
=0
∀q∈Nn+1
= (−1)l(l−1)/2 1
l!
 ∑
p,q∈Nn+1
〈vp,vq〉∆p,q
l lΠ
m=1
ψpmxjmσjmxjmψ
qm
xkmσkmxkm
∣∣∣
ψ
q
X
=ψ
q
X
=0
∀q∈Nn+1
= (−1)l(l−1)/2 det(〈vps ,vqt〉Ch(xjsσjsxjs ,xktσktxkt))1≤s,t≤l.
(4.12)
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By noting (4.11) we can apply Lemma 2.5 to (4.12) to deduce the desired inequality.
One point we need to carefully deal with in the evaluation of the right hand side
of (4.8) is the combinatorial factor, which comes in the expansion of
Π{q,q′}∈T (∆q,q′+∆q′,q)Πq∈Nn+1 Vh,Zq (ψ
q
X , ψ
q
X). In order to count the combinatorial
factor explicitely, we need to prepare some notions concerning trees.
Take any T ∈ T(Nn+1) and for any q ∈ Nn+1 let dq (∈ N) denote the incidence
number of the vertex q (the number of lines connected to the vertex q). From now
let us always think that any tree in T(Nn+1) starts from the vertex 0. For any
q ∈ Nn+1 let Lq(T ) (⊂ T ) be the set of lines from the vertex q to the vertices of the
later generation. We see that
♯L0(T ) = d0, ♯Lq(T ) = dq − 1, ∀q ∈ Nn+1\{0}.
We define the combinatorial factor N(T ) we want to calculate as follows.
Definition 4.6. For any T ∈ T(Nn+1) the combinatorial factor N(T )(∈ N) is
defined as the total number of monomials appearing in the expansion of
Π
{q,q′}∈T
(∆q,q′ +∆q′,q) Π
q∈Nn+1
ψzq1↑x
q
1
ψzq2↓x
q
2
ψzq3↑x
q
3
ψzq4↓x
q
4
. (4.13)
Note that N(T ) is independent of how to choose zqj ∈ Γ, xqj ∈ [0, β)h (∀j ∈
{1, 2, 3, 4}, ∀q ∈ Nn+1).
The combinatorial factor N(T ) is counted as follows.
Lemma 4.7. For T ∈ T(Nn+1) let dq (q ∈ Nn+1) denote the incidence number of
the vertex q in T . If there is q ∈ Nn+1 such that dq > 4, N(T ) = 0. Otherwise,
N(T ) = 4 Π
q∈Nn+1
(
3
dq − 1
)
(dq − 1)!.
Proof. Set W := Πq∈Nn+1 ψzq1↑x
q
1
ψzq2↓x
q
2
ψzq3↑x
q
3
ψzq4↓x
q
4
. If there is p ∈ Nn+1 such that
dp > 4, every term in the expansion of the product Π{q,q′}∈T (∆q,q′+∆q′,q) contains
more than 4 derivatives with respect to the Grassmann algebras indexed by p. Since
the number of the Grassmann algebras with index p in W is 4, (4.13) must vanish.
Let us consider the case that dq ∈ {1, 2, 3, 4} for all q ∈ Nn+1. The operator
∆q,q′ can be decomposed as ∆q,q′ =
∑
σ∈{↑,↓}∆
σ
q,q′ , where
∆σq,q′ := −
∑
x,y∈Γ
∑
x,y∈[0,β)h
Ch(xσx,yσy)
∂
∂ψqxσx
∂
∂ψ
q′
yσy
(4.14)
for σ ∈ {↑, ↓}. Note that for any σ ∈ {↑, ↓} and p, p′, p′′ ∈ Nn+1
∆σp,p′∆
σ
p,p′′W = ∆
σ
p′,p∆
σ
p′′,pW = 0. (4.15)
By changing the numbering of vertices if necessary we may assume the following
condition on T without losing generality.
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(♣) The distance between the vertex p and the initial vertex 0 is less than equal to
that between the vertex q and the vertex 0 for all p, q ∈ Nn+1\{0} with p ≤ q.
Note that
Π
{q,q′}∈T
(∆q,q′ +∆q′,q)W = Π
q∈Nn+1
Lq(T )6=∅
Π
{q,p}∈Lq(T )
(∆↑q,p+∆
↓
q,p+∆
↑
p,q+∆
↓
p,q)W. (4.16)
Let us countN(T ) recursively with respect to q ∈ Nn+1 as follows. The expansion of
the product Π{0,p}∈L0(T )(∆
↑
0,p+∆
↓
0,p+∆
↑
p,0+∆
↓
p,0) is a sum of 4
♯L0(T ) terms, each of
which is a product of ♯L0(T ) Laplacians. By the property (4.15) any term containing
the products ∆σ0,q∆
σ
0,q′ or ∆
σ
q,0∆
σ
q′,0 for some σ ∈ {↑, ↓}, {0, q}, {0, q′} ∈ L0(T )
does not contribute to the number of remaining monomials in (4.16), thus, can be
eliminated. Therefore, we only need to count(
4
♯L0(T )
)
♯L0(T )!
terms in the expansion of Π{0,p}∈L0(T )(∆
↑
0,p +∆
↓
0,p +∆
↑
p,0 +∆
↓
p,0).
Take any q ∈ Nn+1\{0} with Lq(T ) 6= ∅. By the condition (♣) there uniquely
exists q′ ∈ Nn+1 with q′ < q such that {q′, q} ∈ Lq′(T ). Thus, every term in the
expansion of the product
Π
j∈Nn+1,Lj(T )6=∅
j<q
Π
{j,p}∈Lj(T )
(∆↑j,p +∆
↓
j,p +∆
↑
p,j +∆
↓
p,j)
contains one of the Laplacians of the form ∆σq,q′ ,∆
σ
q′,q (σ ∈ {↑, ↓}). Therefore, by
the property (4.15) only (
3
♯Lq(T )
)
♯Lq(T )!
terms in the expansion of the product Π{q,p}∈Lq(T )(∆
↑
q,p+∆
↓
q,p+∆
↑
p,q +∆
↓
p,q) need
to be counted.
By repeating this argument recursively for all q ∈ Nn+1\{0} we can calculate
N(T ) as follows.
N(T ) =
(
4
♯L0(T )
)
♯L0(T )! Π
q∈Nn+1\{0}
Lq(T )6=∅
(
3
♯Lq(T )
)
♯Lq(T )!
=
(
4
d0
)
d0! Π
q∈Nn+1\{0}
dq≥2
(
3
dq − 1
)
(dq − 1)! = 4 Π
q∈Nn+1
(
3
dq − 1
)
(dq − 1)!,
where we used the fact that (
3
0
)
0! = 1.
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Let Dh denote the L
1-norm of the covariance matrix Ch, i.e,
Dh :=
1
h
∑
x∈Γ
∑
x∈[−β,β)h
|Ch(x↑x,0↑0)|.
Now we can find an upper bound on |ah,n|.
Lemma 4.8. For any h ∈ 2N/β and for all n ∈ N ∪ {0} the following equality
holds.
|ah,n| ≤ 128
3n+ 4
(
3n+ 4
n
)
(4Dh)
n. (4.17)
Proof. By using Lemma 2.5 and (3.2)-(3.3) we can directly evaluate |ah,0| to obtain
|ah,0| ≤ 32, which is (4.17) for n = 0. Let us show (4.17) for n ≥ 1. By (4.1) and
(4.8), we need to evaluate
1
βn!
∣∣∣∣∣ ∑
T∈T(Nn+1)
Π
{q,q′}∈T
(∆q,q′ +∆q′,q)
∫
[0,1]n
ds
∑
π∈Sn+1(T )
φ(T, π, s)e∆(M(T,π,s))
· Vh,Z0(ψ0X , ψ
0
X)
n
Π
q=1
∑
zq∈Γ
Vh,Zq (ψ
q
X , ψ
q
X)
∣∣∣∣∣ψq
X
=ψ
q
X
=0
∀q∈Nn+1
∣∣∣∣∣.
(4.18)
By using the property (4.9) we have
(4.18) ≤ 1
βn!
∑
T∈T(Nn+1)
sup
s∈[0,1]n
pi∈Sn+1(T )
∣∣∣∣∣e∆(M(T,π,s)) Π{q,q′}∈T(∆q,q′ +∆q′,q)
· Vh,Z0(ψ0X , ψ
0
X)
n
Π
q=1
∑
zq∈Γ
Vh,Zq (ψ
q
X , ψ
q
X)
∣∣∣∣∣
ψ
q
X
=ψ
q
X
=0
∀q∈Nn+1
∣∣∣∣∣.
(4.19)
Take any T ∈ T(Nn+1). If T contains a vertex whose incidence number is larger
than 4, by Lemma 4.7 the tree T does not contribute to the sum in (4.19). Thus,
we may assume that the incidence numbers d0, d1, · · · , dn of T are less than equal
to 4. Moreover, as in the proof of Lemma 4.7 without losing generality we may
assume the condition (♣) on T .
Let q1, q2, · · · , ql ∈ Nn+1\{0} be such that q1 < q2 < · · · < ql and
{q1, q2, · · · , ql} = {q ∈ Nn+1\{0} | Lq(T ) 6= ∅}. Every term of the expansion of the
product Π{q,q′}∈T (∆q,q′ +∆q′,q) has the form
Π
{0,p0}∈L0(T )
∆σ{0,p0}
l
Π
j=1
Π
{qj ,pj}∈Lqj (T )
∆σ{qj ,pj}, (4.20)
where by using the notation (4.14), ∆σ{q,p} ∈ {∆τq,p,∆τp,q | τ ∈ {↑, ↓}} for all {q, p} ∈
29
Lq(T ) with q ∈ Nn+1 satisfying Lq(T ) 6= ∅. For any {0, p} ∈ L0(T ) we set
Cσ{0,p}(x0, zpxp) :=
|Ch(zp↑xp,x1↑x0)| if ∆σ{0,p} = ∆↑p,0, |Ch(zp↓xp,x2↓x0)| if ∆σ{0,p} = ∆↓p,0,
|Ch(y1↑x0, zp↑xp)| if ∆σ{0,p} = ∆↑0,p, |Ch(y2↓x0, zp↓xp)| if ∆σ{0,p} = ∆↓0,p
for all x0, xp ∈ [0, β)h and zp ∈ Γ. For any j ∈ {1, 2, · · · , l} and any {qj , p} ∈ Lqj (T )
we define
Cσ{qj ,p}(zqjxqj , zpxp) :=|Ch(zqj τxqj , zpτxp)| if ∆σ{qj ,p} = ∆τqj ,p for some τ ∈ {↑, ↓},
|Ch(zpτxp, zqj τxqj )| if ∆σ{qj ,p} = ∆τp,qj for some τ ∈ {↑, ↓}
for all xp, xqj ∈ [0, β)h and zp, zqj ∈ Γ. By noting that (4.20) is the product of n
Laplacians and using Lemma 4.5 and the condition (♣), we observe that∣∣∣∣∣e∆(M(T,π,s)) Π{0,p0}∈L0(T )∆σ{0,p0} lΠj=1 Π{qj ,pj}∈Lqj (T )∆σ{qj ,pj}
· Vh,Z0(ψ0X , ψ
0
X)
n
Π
q=1
∑
zq∈Γ
Vh,Zq (ψ
q
X , ψ
q
X)
∣∣∣∣∣
ψ
q
X
=ψ
q
X
=0
∀q∈Nn+1
∣∣∣∣∣
≤ 4
n+2
h
∑
x0∈[0,β)h
n
Π
q=1
1
h
∑
xq∈[0,β)h
∑
zq∈Γ
 Π
{0,p0}∈L0(T )
Cσ{0,p0}(x0, zp0xp0)
· lΠ
j=1
Π
{qj ,pj}∈Lqj (T )
Cσ{qj ,pj}(zqjxqj , zpjxpj )
=
4n+2
h
∑
x0∈[0,β)h
Π
{0,p0}∈L0(T )
 1
h
∑
xp0∈[0,β)h
∑
zp0∈Γ
Cσ{0,p0}(x0, zp0xp0)

· Π
{q1,p1}∈Lq1(T )
 1
h
∑
xp1∈[0,β)h
∑
zp1∈Γ
Cσ{q1,p1}(zq1xq1 , zp1xp1)

· Π
{q2,p2}∈Lq2(T )
 1
h
∑
xp2∈[0,β)h
∑
zp2∈Γ
Cσ{q2,p2}(zq2xq2 , zp2xp2)

· · · Π
{ql,pl}∈Lql (T )
1
h
∑
xpl∈[0,β)h
∑
zpl∈Γ
Cσ{ql,pl}(zqlxql , zplxpl)

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≤ 4n+2β Π
{0,p0}∈L0(T )
 sup
x0∈[0,β)h
1
h
∑
xp0∈[0,β)h
∑
zp0∈Γ
Cσ{0,p0}(x0, zp0xp0 )

· Π
{q1,p1}∈Lq1(T )
 sup
xq1∈[0,β)h,zq1∈Γ
1
h
∑
xp1∈[0,β)h
∑
zp1∈Γ
Cσ{q1,p1}(zq1xq1 , zp1xp1 )

· Π
{q2,p2}∈Lq2(T )
 sup
xq2∈[0,β)h,zq2∈Γ
1
h
∑
xp2∈[0,β)h
∑
zp2∈Γ
Cσ{q2,p2}(zq2xq2 , zp2xp2 )

· · · Π
{ql,pl}∈Lql (T )
 sup
xql∈[0,β)h,zql∈Γ
1
h
∑
xpl∈[0,β)h
∑
zpl∈Γ
Cσ{ql,pl}(zqlxql , zplxpl)

≤ 4n+2βDnh .
(4.21)
To obtain the last inequality in (4.21) we have used the fact that for all {0, p0} ∈
L0(T ) and all {qj, pj} ∈ Lqj (T ) (∀j ∈ {1, 2, · · · , l})
sup
x0∈[0,β)h
1
h
∑
xp0∈[0,β)h
∑
zp0∈Γ
Cσ{0,p0}(x0, zp0xp0) ≤ Dh,
sup
xqj∈[0,β)h,zqj∈Γ
1
h
∑
xpj∈[0,β)h
∑
zpj∈Γ
Cσ{qj ,pj}(zqjxqj , zpjxpj ) ≤ Dh.
By combining (4.21) with (4.19) we have
(4.18) ≤ 16
n!
(4Dh)
n
∑
T∈T(Nn+1)
N(T ), (4.22)
where N(T ) is defined in Definition 4.6.
By repeating the same argument as above we can show the inequality (4.22) for
the case that Z0 = X˜2. Thus, by recalling (4.1) we arrive at
|ah,n| ≤ 32
n!
(4Dh)
n
∑
T∈T(Nn+1)
N(T ). (4.23)
To complete the proof we calculate the sum
∑
T∈T(Nn+1)
N(T ) in (4.23). As
characterized in Lemma 4.7, the number N(T ) only depends on the incidence num-
bers of T . By using Lemma 4.7 and Cayley’s theorem on the number of trees with
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fixed incidence numbers (see, e.g, [23, Corollary 2.2.4]) we have∑
T∈T(Nn+1)
N(T )
=
∑
dq∈{1,2,3,4}
∀q∈Nn+1
1P
q∈Nn+1
dq=2n ·
(n− 1)!
Πq∈Nn+1(dq − 1)!
· 4 Π
q∈Nn+1
(
3
dq − 1
)
(dq − 1)!
= 4(n− 1)!
∑
dq∈{1,2,3,4}
∀q∈Nn+1
1P
q∈Nn+1
dq=2n · Π
q∈Nn+1
(
3
dq − 1
)
.
Moreover, by using Cauchy’s integral formula and the residue theorem we see that
for a positive r > 0
∑
T∈T(Nn+1)
N(T ) =
4(n− 1)!
(2n)!
(
d
dz
)2n( 4∑
d=1
(
3
d− 1
)
zd
)n+1 ∣∣∣∣∣
z=0
=
4(n− 1)!
2πi
∮
|z|=r
dz
zn+1(1 + z)3(n+1)
z2n+1
= 4(n− 1)! Res
z=0
(
(1 + z)3(n+1)
zn
)
= 4(n− 1)!
(
3n+ 3
n− 1
)
=
4n!
3n+ 4
(
3n+ 4
n
)
.
(4.24)
Combining (4.24) with (4.23) yields the result.
The inequality (4.17) motivates us to know the properties of the power series
f(x) defined by
f(x) :=
∞∑
n=0
4
3n+ 4
(
3n+ 4
n
)
xn. (4.25)
As the last lemma before our main theorem, the properties of f(x) are summarized.
Lemma 4.9. The radius of convergence of the power series f(x) defined in (4.25)
is 4/27 and f(4/27) = 81/16. Moreover, for any x ∈ (0, 4/27] the following equality
holds.
f(x) =
16
9x2
cos4
 tan−1
(√
4
27x − 1
)
+ π
3
 , (4.26)
where the function tan−1(·) is defined as a bijective map from R to (−π/2, π/2)
satisfying tan−1(tan(θ)) = θ for all θ ∈ (−π/2, π/2).
Proof. As a topic in generating functions the power series (4.25) is commonly stud-
ied (see, e.g, [9, pp. 200–201]). However, we give a proof for the statements for
completeness. Let us analyze the cubic equation
X = 1+ xX3 (4.27)
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for x ∈ (0, 4/27). We see that for any x ∈ (0, 4/27) and z ∈ C satisfying |z−1| = 1/2,
the inequality |xz3| < |z− 1| holds. Thus, the Lagrange inversion theorem (see, e.g,
[13, Theorem 2.3.1]) implies that in the domain {z ∈ C | |z − 1| < 1/2} there is
exactly one root X = v(x) of (4.27) and
v(x)4 = 1 +
∞∑
n=1
xn
n!
(
d
dz
)n−1
(4z3z3n)
∣∣∣
z=1
= f(x). (4.28)
On the other hand, by algebraically solving (4.27) and specifying a root con-
tained in the domain {z ∈ C | |z − 1| < 1/2} we can determine the explicite form
of v(x) as follows.
v(x) =
2√
3x
cos
tan−1
(√
4
27x − 1
)
+ π
3
 , (4.29)
where tan−1(·) is defined as stated in Lemma 4.9.
The equalities (4.28)-(4.29) give (4.26) for x ∈ (0, 4/27). The ratio test shows
that the radius of convergence of f is 4/27. Moreover, by continuity we have
limxր4/27 f(x) = v(4/27)
4 = 81/16, which completes the proof.
Define a constant D > 0 by
D := lim
h→+∞,h∈N/β
Dh =
∫ β
−β
dx
∑
x∈Γ
|C(x↑x,0↑0)|. (4.30)
Our main result is stated as follows.
Theorem 4.10. For any x1,x2,y1,y2 ∈ Γ and m ∈ N ∪ {0} and any U ∈ R with
|U | ≤ 1/(27D), the following equality and inequalities hold.
〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉 =
∞∑
n=0
anU
n, (4.31)
|〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉| ≤ R(|U |), (4.32)∣∣∣〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉 − m∑
n=0
anU
n
∣∣∣
≤ R(|U |)−
m∑
n=0
128
3n+ 4
(
3n+ 4
n
)
(4D|U |)n,
(4.33)
where {an}∞n=0 is given in (2.11)-(2.12) and
R(|U |) :=

32 if U = 0,
32
9D2|U |2 cos
4
tan−1
(√
1
27D|U| − 1
)
+ π
3
 if 0 < |U | ≤ 127D ,
(4.34)
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with the function tan−1(·) : R → (−π/2, π/2) satisfying tan−1(tan θ) = θ for all
θ ∈ (−π/2, π/2).
Proof. Since by Lemma 3.1 (iii) and Lemma 4.8
|an| = lim
h→+∞
h∈2N/β
|ah,n| ≤ 128
3n+ 4
(
3n+ 4
n
)
(4D)n, (4.35)
Lemma 4.9 implies that for all U ∈ [−1/(27D), 1/(27D)]
∞∑
n=0
|an||U |n ≤ R(|U |), (4.36)
where R(|U |) is defined in (4.34). The inequalities (4.32)-(4.33) follow from (4.31)
and (4.35)-(4.36).
We show that the equality (4.31) holds for U ∈ R with |U | ≤ 1/(27|D|). Let us
fix any ε ∈ (0, 1/(27D)). Since P |λX=0,∀X∈Γ4 = Tr e−βH/Tr e−βH0 > 0 for all U ∈
R, Proposition 3.2 implies that there exists N0 ∈ N such that |Ph|λX=0,∀X∈Γ4| > 0
for all h ∈ 2N/β with h ≥ N0/β and all U ∈ R with |U | ≤ 1/(27D)− ε. Moreover,
since Ph|λX=0,∀X∈Γ4 is a polynomial of U we can take a simply connected domain
Oh (⊂ C) containing the interval [−1/(27D) + ε, 1/(27D) − ε] inside such that
|Ph|λX=0,∀X∈Γ4| > 0 for all U ∈ Oh. Thus, we see that ∂Ph/∂λX˜1/Ph|λX=0,∀X∈Γ4
defines an analytic function of U in the domain Oh. By Lemma 4.8 and Lemma 4.9
the series
∑∞
n=0 ah,nU
n converges for all U ∈ C with |U | ≤ 1/(27Dh). By choosing
N0 sufficiently large we may assume that 1/(27D)− ε ≤ 1/(27Dh) for all h ∈ 2N/β
with h ≥ N0/β. Therefore, Lemma 3.1 (ii) and the identity theorem for analytic
functions ensure that
− 1
β
∂
∂λX˜1
Ph({UX}X∈Γ4)
Ph({UX }X∈Γ4)
∣∣∣∣∣λX=0
X∈Γ4
=
∞∑
n=0
ah,nU
n (4.37)
for all U ∈ [−1/(27D) + ε, 1/(27D)− ε].
Note that Lemma 4.8 implies
|ah,nUn| ≤ 128
3n+ 4
(
3n+ 4
n
)(
4
27
)n
(4.38)
for all U ∈ [−1/(27D)+ε, 1/(27D)−ε] and the right hand side of (4.38) is summable
over N ∪ {0}. Thus, by Lemma 3.1 (iii), Corollary 3.4 and Lebesgue’s dominated
convergence theorem for l1(N ∪ {0}) we can pass h → +∞ in (4.37) to deduce the
equality (4.31) for all U ∈ [−1/(27D) + ε, 1/(27D)− ε]. Then, by sending ε ց 0
and continuity we obtain (4.31) for all U ∈ [−1/(27D), 1/(27D)].
Remark 4.11. In Proposition 5.1 we give a volume-independent upper bound on
the decay constant D in 2 dimensional case. One can straightforwardly extend the
calculation of Proposition 5.1 to derive volume-independent upper bounds on D
in any dimension. By replacing D by these upper bounds, Theorem 4.10 provides
volume-independent upper bounds on the perturbation series
∑∞
n=0 anU
n.
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5 Numerical results in 2D
In this section we compute the perturbation series of the correlation function
〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉 up to 2nd order term in 2 dimensional
case. We also implement the upper bound obtained in Theorem 4.10 and report the
error between the correlation function and the 2nd order perturbation. Throughout
this section it is assumed that d = 2.
5.1 The decay constant for d = 2
In order to estimate the radius of convergence of the perturbation series
∑∞
n=0 anU
n
and compute the upper bound on the sum of the higher order terms numerically,
first we need to evaluate the decay constant D defined in (4.30). The result is
presented in the following proposition.
Proposition 5.1. The following inequality holds.
D ≤
(
16
β2
+
32π2
3
√
3β
+
16π3
3
√
3
)(
β3
2
+
(2|t|+ 4|t′|)eβξβ
1 + eβξ
+ 3
(
(2|t|+ 4|t′|)eβξβ
1 + eβξ
)2
+
(
(2|t|+ 4|t′|)eβξβ
1 + eβξ
)3)
,
(5.1)
where ξ := 4|t|+ 4|t′|+ |µ|.
The derivation of the inequality (5.1) needs the following estimate.
Lemma 5.2. The following inequality holds.∑
x∈Γ
1
1 +
∑2
l=1 |ei2πxl/L − 1|3L3/(8π3β3)
≤ 4 + 8π
2β
3
√
3
+
4π3β2
3
√
3
,
where x = (x1, x2) ∈ Γ.
Proof. For any y ∈ R let ⌊y⌋ denote the largest integer which does not exceed y.
By using the inequality that |eiθ − 1| ≥ 2|θ|/π for any θ ∈ [−π, π], we see that∑
x∈Γ
1
1 +
∑2
l=1 |ei2πxl/L − 1|3L3/(8π3β3)
≤ 4
⌊L/2⌋∑
x1=0
⌊L/2⌋∑
x2=0
1
1 +
∑2
l=1 |ei2πxl/L − 1|3L3/(8π3β3)
≤ 4
∞∑
x1=0
∞∑
x2=0
1
1 + 8x31/(π
3β3) + 8x32/(π
3β3)
= 4 + 8
∞∑
x1=1
1
1 + 8x31/(π
3β3)
+ 4
∞∑
x1=1
∞∑
x2=1
1
1 + 8x31/(π
3β3) + 8x32/(π
3β3)
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≤ 4 + 8
∫ ∞
0
dx1
1
1 + 8x31/(π
3β3)
+ 4
∫ ∞
0
dx1
∫ ∞
0
dx2
1
1 + 8x31/(π
3β3) + 8x32/(π
3β3)
= 4 + 4πβ
∫ ∞
0
dx
1
1 + x3
+ π2β2
∫ ∞
0
dx
1
(1 + x3)2/3
∫ ∞
0
dx
1
1 + x3
≤ 4 + (4πβ + 2π2β2)
∫ ∞
0
dx
1
1 + x3
,
where we used the inequality∫ ∞
0
dx
1
(1 + x3)2/3
≤ 1 +
∫ ∞
1
1
x2
= 2.
Then, by using the equality ∫ ∞
0
dx
1
1 + x3
=
2π
3
√
3
(see [10]), we obtain the desired inequality.
Proof of Proposition 5.1. Let us define a linear operator dl,L : C
∞(R2)→ C∞(R2)
(l = 1, 2) by
(dl,Lf)(k) :=
f(k+ 2πel/L)− f(k)
2π/L
for any f ∈ C∞(R2). Then, the mean value theorem shows that for all k = (k1, k2) ∈
R2
|(d1,L)3f(k1, k2)| ≤ sup
kˆ1∈[k1,k1+6π/L]
∣∣∣∣ ∂3∂k31 f(kˆ1, k2)
∣∣∣∣ ,
|(d2,L)3f(k1, k2)| ≤ sup
kˆ2∈[k2,k2+6π/L]
∣∣∣∣ ∂3∂k32 f(k1, kˆ2)
∣∣∣∣ . (5.2)
Define a function F (k, x) : R2 × R→ R by F (k, x) := exEk/(1 + eβEk). We see
that for any x = (x1, x2) ∈ Γ, x ∈ [−β, β] and l ∈ {1, 2}(
ei2πxl/L − 1
2π/L
)3
C(x↑x,0↑0)
=
1
Ld
∑
k∈Γ∗
e−i〈k,x〉((dl,L)
3F (k, x)1x≥0 − (dl,L)3F (k, x + β)1x<0).
(5.3)
By (5.2) and (5.3) we have that for any x = (x1, x2) ∈ Γ, x ∈ [−β, β] and l ∈ {1, 2}∣∣∣∣∣
(
ei2πxl/L − 1
2π/L
)3
C(x↑x,0↑0)
∣∣∣∣∣ ≤ supx∈[0,β] supk∈[0,2π+6π/L]×[0,2π+6π/L]
∣∣∣∣ ∂3∂k3l F (k, x)
∣∣∣∣ .
(5.4)
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Note that for l = 1, 2
∂3
∂k3l
F (k, x) =
∂3Ek
∂k3l
∂
∂Ek
(
exEk
1 + eβEk
)
+ 3
∂Ek
∂kl
∂2Ek
∂k2l
∂2
∂E2k
(
exEk
1 + eβEk
)
+
(
∂Ek
∂kl
)3
∂3
∂E3k
(
exEk
1 + eβEk
) (5.5)
and
|Ek| ≤ 4|t|+ 4|t′|+ |µ|,
∣∣∣∣∂Ek∂kl
∣∣∣∣ , ∣∣∣∣∂2Ek∂k2l
∣∣∣∣ , ∣∣∣∣∂3Ek∂k3l
∣∣∣∣ ≤ 2|t|+ 4|t′|. (5.6)
Moreover, we can prove that for m ∈ {1, 2, 3} and any E ∈ R
sup
x∈[0,β]
∣∣∣∣( ddE
)m
exE
1 + eβE
∣∣∣∣ ≤ ( βeβ|E|1 + eβ|E|
)m
. (5.7)
By the equalities that exE/(1 + eβE) = e(β−x)(−E)/(1 + eβ(−E)) and d/dE =
−d/d(−E) we may assume E ≥ 0 without losing generality in the following ar-
gument. First let us study the case for m = 1.∣∣∣∣ ddE exE1 + eβE
∣∣∣∣ = ∣∣∣∣ exE1 + eβE
(
x− βe
βE
1 + eβE
)∣∣∣∣ ≤ βeβE1 + eβE ,
which is (5.7) for m = 1.
Next consider the case that m = 2. We see that(
d
dE
)2
exE
1 + eβE
=
exE
1 + eβE
g1(x),
with
g1(x) :=
(
x− βe
βE
1 + eβE
)2
− β
2eβE
(1 + eβE)2
.
Note that |g1(0)|, |g1(βeβE/(1 + eβE))|, |g1(β)| ≤ β2eβE/(1 + eβE). Thus, we have
that ∣∣∣∣ d2dE2 ex0E1 + eβE
∣∣∣∣ ≤ eβE1 + eβE max{|g1(0)|, |g1(βeβE/(1 + eβE))|, |g1(β)|}
≤
(
βeβE
1 + eβE
)2
.
Finally, analyze the case for m = 3. A calculation shows that(
d
dE
)3
exE
1 + eβE
=
exE
1 + eβE
g2(x), (5.8)
where
g2(x) := x
3 − 3βe
βE
1 + eβE
x2 +
3β2(eβE − 1)eβE
(1 + eβE)2
x− β
3eβE
(1 + eβE)3
(e2βE − 4eβE + 1).
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The roots x1, x2 of the equation g
′
2(x) = 0 are given by
x1 =
βeβE/2
1 + eβE
(eβE/2 − 1), x2 = βe
βE/2
1 + eβE
(eβE/2 + 1).
Since 0 ≤ x1 < β ≤ x2, maxx∈[0,β] |g2(x)| = max{|g2(0)|, |g2(x1)|, |g2(β)|}. More-
over, we see that
|g2(0)| = β
3eβE
(1 + eβE)3
|e2βE − 4eβE + 1| ≤ β
3eβE
(1 + eβE)3
(e2βE + eβE) =
β3e2βE
(1 + eβE)2
,
|g2(β)| = β
3
(1 + eβE)3
|e2βE − 4eβE + 1| ≤ |g2(0)|,
|g2(x1)| = β
3eβE
(1 + eβE)3
|eβE + 2eβE/2 − 1| ≤ β
3eβE
(1 + eβE)3
(e2βE + eβE) =
β3e2βE
(1 + eβE)2
,
which imply that
max
x0∈[0,β]
|g2(x0)| ≤ β
3e2βE
(1 + eβE)2
. (5.9)
Combining (5.8) with (5.9) deduces (5.7) for m = 3.
Then by (5.4)-(5.7) we have for l = 1, 2∣∣∣∣∣
(
ei2πxl/L − 1
2π/L
)3
C(x↑x,0↑0)
∣∣∣∣∣
≤ (2|t|+ 4|t
′|)βeβξ
1 + eβξ
+ 3
(
(2|t|+ 4|t′|)βeβξ
1 + eβξ
)2
+
(
(2|t|+ 4|t′|)βeβξ
1 + eβξ
)3
,
(5.10)
with ξ := 4|t| + 4|t′| + |µ|. By using the inequality that |C(x↑x,0↑0)| ≤ 1, (5.10)
and Lemma 5.2 we can derive the inequality (5.1).
5.2 The 2nd order perturbation
As a preparation for the numerical implementation of the 2nd order perturbation
a0 + a1U + a2U
2, we rewrite the formula (2.11) for an in a more suitable form for
practical computation.
By decomposing the determinant of the covariance matrix into the sums over
permutations, Gn defined in (2.12) can be written as follows.
Gn =
1
n!
∑
π,τ∈Sn
sgn(π) sgn(τ)gn(π, τ), (5.11)
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with
gn(π, τ) :=
n
Π
j=1
(
−
∑
x
j
1,x
j
2,y
j
1,y
j
2∈Γ
∫ β
0
dxj(δxj1,x
j
2
δ
y
j
1,y
j
2
δ
x
j
1,y
j
1
+ λ
x
j
1,x
j
2,y
j
1,y
j
2
+ λ
y
j
1,y
j
2,x
j
1,x
j
2
)
· C(xj1↑xj ,yπ(j)1 ↑xπ(j))C(xj2↓xj ,yτ(j)2 ↓xτ(j))
)
.
The formula (2.11) for a0, a1, a2 is
a0 = − 1
β
∂
∂λX˜1
G1
∣∣∣ λX=0
∀X∈Γ4
, a1 = − 1
β
∂
∂λX˜1
(
G2 − 1
2
G21
) ∣∣∣ λX=0
∀X∈Γ4
,
a2 = − 1
β
∂
∂λX˜1
(
G3 −G1G2 + 1
3
G31
) ∣∣∣ λX=0
∀X∈Γ4
.
(5.12)
By substituting (5.11) into (5.12) and canceling we can simplify the expressions for
a1, a2 as follows.
a1 = − 1
β
∂
∂λX˜1
1
2
(
g2
((
1 2
2 1
)
,
(
1 2
2 1
))
− g2
(
Id2,
(
1 2
2 1
))
− g2
((
1 2
2 1
)
, Id2
))∣∣∣∣∣ λX=0
∀X∈Γ4
,
a2 = − 1
β
∂
∂λX˜1
1
3
(
g3
(
Id3,
(
1 2 3
2 3 1
))
+ g3
((
1 2 3
2 3 1
)
, Id3
)
+ g3
((
1 2 3
2 3 1
)
,
(
1 2 3
2 3 1
))
+ 3g3
((
1 2 3
1 3 2
)
,
(
1 2 3
2 1 3
))
− 3g3
((
1 2 3
1 3 2
)
,
(
1 2 3
2 3 1
))
− 3g3
((
1 2 3
2 3 1
)
,
(
1 2 3
1 3 2
))
+ g3
((
1 2 3
2 3 1
)
,
(
1 2 3
3 1 2
)))∣∣∣∣∣ λX=0
∀X∈Γ4
,
where
Id2 =
(
1 2
1 2
)
,
(
1 2
2 1
)
∈ S2,
Id3 =
(
1 2 3
1 2 3
)
,
(
1 2 3
1 3 2
)
,
(
1 2 3
2 3 1
)
,
(
1 2 3
3 1 2
)
∈ S3.
In practice we need to implement the permutation-dependent terms
∂/∂λX˜1gn(π, τ)|λX=0,∀X∈Γ4. Let us describe its implementation below.
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Note that the multiple integral Πnj=1
∫ β
0 dxjf(x1, · · · , xn) of any integrable func-
tion f can be decomposed into a sum of n! integrals as follows.
n
Π
j=1
∫ β
0
dxjf(x1, · · · , xn) =
n
Π
j=1
∫ β
0
dxj
∑
η∈Sn
1xη(1)>xη(2)>···>xη(n)f(x1, · · · , xn)
=
∑
η∈Sn
n
Π
j=1
∫ xη(j−1)
0
dxη(j)f(x1, · · · , xn),
(5.13)
where xη(0) := β.
By substituting the expression (2.7) of the covariance matrix and decomposing
the integral Πnj=1
∫ β
0 dxj as in (5.13), we can expand ∂/∂λX˜1gn(π, τ)|λX=0,∀X∈Γ4 as
sums over the momentum space Γ∗ as follows. For n ∈ N
∂
∂λX˜1
gn(π, τ)
∣∣∣ λX=0
∀X∈Γ4
=
(−1)n
L(n+1)d
∑
k1,··· ,kn,p1,··· ,pn∈Γ∗
·
n∑
j=1
(cos(〈kj ,x1〉+ 〈pj ,x2〉 − 〈kπ−1(j),y1〉 − 〈pτ−1(j),y2〉)
+ cos(〈kj ,y1〉+ 〈pj ,y2〉 − 〈kπ−1(j),x1〉 − 〈pτ−1(j),x2〉))
· nΠ
l=1
l 6=j
δ(kl + pl − kπ−1(l) − pτ−1(l))
·
∑
η∈Sn
n
Π
j=1
∫ xη(j−1)
0
dxη(j)e
xη(j)(Ekη(j)+Epη(j)−Ekpi−1(η(j))
−Ep
τ−1(η(j))
)
· nΠ
j=1
(
1xpi(j)−xj≤0
1 + eβEkj
− 1xpi(j)−xj>0
1 + e−βEkj
)(
1xτ(j)−xj≤0
1 + eβEpj
− 1xτ(j)−xj>0
1 + e−βEpj
)
,
(5.14)
where xη(0) = β.
Let us sketch how to implement (5.14). We prepare a function of real vari-
ables E˜1, · · · , E˜n returning the exact value of Πnj=1
∫ xj−1
0
dxje
xjE˜j with x0 = β
beforehand. Then we iterate the system with respect to the variables k1, · · · ,kn,
p1, · · · ,pn ∈ Γ∗. For fixed k1, · · · ,kn,p1, · · · ,pn ∈ Γ∗ we iterate with respect to
the permutation η ∈ Sn. For each η ∈ Sn we substitute the variables E˜j = Ekη(j) +
Epη(j)−Ekpi−1(η(j))−Epτ−1(η(j)) (j = 1, · · · , n) into the function Πnj=1
∫ xj−1
0
dxje
xjE˜j
and its returning value is then multiplied by the constant
1xη(1)>···>xη(n)
n
Π
j=1
(
1xpi(j)−xj≤0
1 + eβEkj
− 1xpi(j)−xj>0
1 + e−βEkj
)(
1xτ(j)−xj≤0
1 + eβEpj
− 1xτ(j)−xj>0
1 + e−βEpj
)
.
5.3 Numerical values
Here we display our numerical results. In our computation we fix the physical
parameters t, t′, µ, β to satisfy t = t′ = µ = 0.01, β = 1. In this configuration the
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|U | 1.0× 10−6 5.0× 10−6 1.0× 10−5 5.0× 10−5
Error 1.408× 10−7 1.773× 10−5 1.433× 10−4 1.942× 10−2
|U | 1.0× 10−4 2.0× 10−4 3.0× 10−4 4.0× 10−4
Error 1.739× 10−1 1.842 9.454 7.307× 10
Table 1: Errors between the correlation function and the 2nd order perturbation
L 10, 11, · · · , 18
a0 5.050× 10−1
a1 −3.774× 10−1
a2 9.339× 10−2
a0 + a1U + a2U
2 5.050× 10−1
Table 2: 2nd order perturbation in the case that x1 = x2 = y1 = y2 = (l, l)
(l ∈ {0, 1, · · · , 5})
upper bound on D obtained in Proposition 5.1 is 92.04. Thus, by Theorem 4.10 the
radius of convergence 1/(27|D|) of our perturbation series∑∞n=0 anUn is estimated
to be larger than equal to 4.024× 10−4.
The errors between the correlation function and the 2nd order perturbation for
various |U | less than 4.024× 10−4 are exhibited in Table 1, where Error is defined
by the right hand side of the inequality (4.33) for m = 2 and D = 92.04 and satisfies
that
|〈ψ∗x1↑ψ∗x2↓ψy2↓ψy1↑ + ψ∗y1↑ψ∗y2↓ψx2↓ψx1↑〉 − a0 − a1U − a2U2| ≤ Error.
Let us fix U = 1.0×10−5. According to Table 1, the error between the correlation
function and the 2nd order perturbation is estimated as 1.433×10−4. Table 2 shows
values of a0, a1, a2 and a0+ a1U + a2U
2 in the case that x1 = x2 = y1 = y2 = (l, l)
(l ∈ {0, 1, · · · , 5}) for various lattice size L from 10 up to 18. We observe that
each of a0, a1, a2 respectively takes the same value for any L ∈ {10, · · · , 18} and
l ∈ {0, · · · , 5}.
Table 3 shows the values of a0, a1, a2 and a0 + a1U + a2U
2 in the case that
x1 = y1 = (0, 0),x2 = y2 = (l, l) (l ∈ {1, · · · , 5}) for various lattice size L from 10
to 18. Again we see that each of a0, a1, a2 respectively takes the same value for any
L ∈ {10, · · · , 18} and l ∈ {1, · · · , 5}. Since we have fixed a small U so that Error
becomes sufficiently small, the 1st and 2nd order terms do not contribute to the
sum a0 + a1U + a2U
2 much in these numerical simulations.
We also computed a0, a1, a2 in the case that x1 = x2 = (0, 0),y1 = y2 = (l, l)
for l ∈ {1, · · · , 5} for L = 10, 11, · · · , 18. The result shows that |a0|, |a1|, |a2| ≤
1.5 × 10−5 for any l ∈ {1, · · · , 5} and L ∈ {10, 11, · · · , 18}. In this case the values
of |a0|, |a1|, |a2| are much smaller than those presented in Tables 2-3. This result
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L 10, 11, · · · , 18
a0 5.050× 10−1
a1 −2.524× 10−1
a2 9.402× 10−2
a0 + a1U + a2U
2 5.050× 10−1
Table 3: 2nd order perturbation in the case that x1 = y1 = (0, 0),x2 = y2 = (l, l)
(l ∈ {1, · · · , 5})
indicates that the 4 point correlation function takes small values if x1 = x2, y1 = y2
and |x1−y1| is large and agrees with the decaying property of the 4 point correlation
function for the 2 dimensional Hubbard model proved in [12].
Appendices
In this section we review the definitions of the Fermionic Fock space and the an-
nihilation, creation operators, prove Proposition 2.4 and show that the covariance
matrix Ch has a non-zero determinant independent of the parameter h.
We write a matrix M indexed by finite sets S, S′ with ♯S = ♯S′ = n as M =
(M(s, s′))s∈S,s′∈S′ . In this notation let us think that each element of S and S
′ has al-
ready been given a number from 1 to n andM is defined byM = (M(sj , s
′
k))1≤j,k≤n
even if the numbering of S and S′ is not specified in the context. The main re-
sults Proposition 2.4 and Proposition C.7 concluded after some argument involving
such matrices in this Appendices are independent of how to number the index sets.
For any finite set B let L2(B;C) denote the complex linear space consisting of
complex-valued functions on B, even when we do not introduce an inner product
in L2(B;C).
A The Fermionic Fock space
The first part of Appendices reviews the definitions of the Fermionic Fock space on
the lattice Γ× {↑, ↓} and the annihilation, creation operators ψxσ, ψ∗xσ.
For any n ∈ N we consider the linear space L2((Γ × {↑, ↓})n;C) as a Hilbert
space equipped with the inner product 〈·, ·〉L2((Γ×{↑,↓})n;C) defined by
〈φ1, φ2〉L2((Γ×{↑,↓})n;C)
:=
∑
x1,··· ,xn∈Γ
∑
σ1,··· ,σn∈{↑,↓}
φ1(x1σ1, · · · ,xnσn)φ2(x1σ1, · · · ,xnσn).
By convention we set L2((Γ× {↑, ↓})0;C) := C.
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For n ∈ N the anti-symmetrization operator An : L2((Γ× {↑, ↓})n;C)→
L2((Γ× {↑, ↓})n;C) is defined by
(Anφ)(x1σ1, · · · ,xnσn) := 1
n!
∑
π∈Sn
sgn(π)φ(xπ(1)σπ(1), · · · ,xπ(n)σπ(n)).
The operator A0 is defined as the identity map on C, i.e, A0z := z for all z ∈ C.
The subspace An(L
2((Γ × {↑, ↓})n;C)) of L2((Γ × {↑, ↓})n;C) is called as the
Fermionic n−particle space and is a Hilbert space equipped with the inner product
of L2((Γ× {↑, ↓})n;C). Note that by anti-symmetry for any n > 2Ld,
An(L
2((Γ× {↑, ↓})n;C)) = {0}.
The Fermionic Fock space Ff (L
2(Γ× {↑, ↓};C)) is defined as the direct sum of
An(L
2((Γ× {↑, ↓})n;C)) (n = 0, · · · , 2Ld) as follows.
Ff (L
2(Γ× {↑, ↓};C)) :=
2Ld⊕
n=0
An(L
2((Γ× {↑, ↓})n;C)).
The space Ff (L
2(Γ×{↑, ↓};C)) is a Hilbert space with inner product 〈·, ·〉Ff defined
by
〈φ1, φ2〉Ff :=
2Ld∑
n=0
〈φ1,n, φ2,n〉L2((Γ×{↑,↓})n;C),
for any vectors φ1 = (φ1,0, φ1,1, · · · , φ1,2Ld), φ2 = (φ2,0, φ2,1, · · · , φ2,2Ld)
∈ Ff (L2(Γ× {↑, ↓};C)).
Define a set of functions {φkσ}(k,σ)∈Γ∗×{↑,↓} ⊂ L2(Γ× {↑, ↓};C) by
φkσ(xτ) := δσ,τe
−i〈k,x〉/Ld/2. We then define a function φk1σ1 · · ·φknσn
∈ L2((Γ× {↑, ↓})n;C) by
φk1σ1 · · ·φknσn(x1τ1, · · · ,xnτn) := φk1σ1(x1τ1) · · ·φknσn(xnτn).
An orthonormal basis of Ff (L
2(Γ× {↑, ↓};C)) is given by ⋃2Ldn=0Bn, where
B0 := {1}(⊂ C),
Bn :=
√n!An
(
Π
(k,σ)∈Γ∗×{↑,↓}
φnkσkσ
) ∣∣∣ nkσ ∈ {0, 1}, ∑
k∈Γ∗
∑
σ∈{↑,↓}
nkσ = n

(A.1)
for n ∈ {1, 2, · · · , 2Ld}. Thus, we see that dimFf (L2(Γ×{↑, ↓};C)) =
∑2Ld
n=0 ♯Bn =
22L
d
.
The annihilation operator ψxσ : Ff (L
2(Γ × {↑, ↓};C)) → Ff (L2(Γ × {↑, ↓};C))
(x ∈ Γ, σ ∈ {↑, ↓}) is defined in the following steps. For any n ∈ N ∪ {0} and any
φ ∈ An+1(L2((Γ× {↑, ↓})n+1;C)), ψxσφ ∈ An(L2((Γ× {↑, ↓})n;C)) is defined by
(ψxσφ)(x1σ1, · · · ,xnσn) :=
√
n+ 1φ(xσ,x1σ1, · · · ,xnσn).
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For any z ∈ A0(L2((Γ × {↑, ↓})0;C)), ψxσz := 0. The domain of the operator ψxσ
is then extended to the whole space Ff (L
2(Γ× {↑, ↓};C)) by linearity.
The creation operator ψ∗xσ : Ff (L
2(Γ×{↑, ↓};C))→ Ff (L2(Γ×{↑, ↓};C)) is the
adjoint operator of ψxσ and characterized as follows. For any n ∈ N ∪ {0} and any
φ ∈ An(L2((Γ× {↑, ↓})n;C)), ψ∗xσφ ∈ An+1(L2((Γ× {↑, ↓})n+1;C)) and
(ψ∗xσφ)(x1σ1, · · · ,xn+1σn+1)
=
1√
n+ 1
n+1∑
l=1
(−1)l−1δx,xlδσ,σlφ(x1σ1, · · · , x̂lσl, · · · ,xn+1σn+1),
where the notation ‘x̂lσl’ stands for the omission of the variable xlσl.
For any operators A, B let {A,B} denote AB + BA. The operators ψxσ, ψ∗xσ
(x ∈ Γ, σ ∈ {↑, ↓}) satisfy the following canonical anti-commutation relations. For
all x,y ∈ Γ, σ, τ ∈ {↑, ↓},
{ψxσ, ψyτ} = {ψ∗xσ, ψ∗yτ} = 0, {ψxσ, ψ∗yτ} = δx,yδσ,τ . (A.2)
See, e.g, [3] for more detailed definitions of the Fermionic Fock space and the oper-
ators on it.
B The temperature-ordered perturbation series
In this section we present the derivation of the perturbation series (2.6). Proposi-
tions claimed here are standard tools in many-body theory (see, e.g,
[16, Chapter 2, Chapter 3]). This part of Appendices is devoted to show them in a
mathematical context.
Let us fix notations used in the analysis below. Let H0, Vλ be the operators de-
fined in (2.1)-(2.2) and (2.3), respectively. In our argument in this section, however,
we do not use the relation (2.4) or the condition (3.16) imposed on the parameter
{UX}X∈Γ4. One can consider more general Vλ of the form (2.3) parameterized by
any complex multi-variable {UX}X∈Γ4 in this section.
Define the operators Vλ(s), ψxσ(s), ψ
∗
xσ(s) (s ∈ R,x ∈ Γ, σ ∈ {↑, ↓}) by
Vλ(s) := e
sH0Vλe
−sH0 , ψxσ(s) := e
sH0ψxσe
−sH0 , ψ∗xσ(s) := e
sH0ψ∗xσe
−sH0 .
For a ∈ {0, 1} the operator ψxσa(s) is defined by
ψxσa(s) :=
{
ψ∗xσ(s) if a = 1,
ψxσ(s) if a = 0.
Next we define the ordering operators T1, T2.
Definition B.1. Consider linear operators M(s1), · · · ,M(sn)
: Ff (L
2(Γ × {↑, ↓};C)) → Ff (L2(Γ × {↑, ↓};C)) parameterized by s1, · · · , sn ∈
R. Assume that sj 6= sk for any j, k ∈ {1, · · · , n} with j 6= k. The operator
T1(M(s1) · · ·M(sn)) is defined by
T1(M(s1) · · ·M(sn)) :=M(sπ(1)) · · ·M(sπ(n)),
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where π ∈ Sn is uniquely determined by the condition that
sπ(1) > sπ(2) > · · · > sπ(n).
Let us define a relation ‘∼’ in the set {ψxσa(s)}(x,σ,a,s)∈Γ×{↑,↓}×{0,1}×R as fol-
lows.
ψxσa1(s1) ∼ ψyτa2(s2) if a1 = a2 and s1 = s2.
We see that ‘∼’ is an equivalence relation in {ψxσa(s)}(x,σ,a,s)∈Γ×{↑,↓}×{0,1}×R. Let
[ψxσa(s)] denote the equivalent class represented by an element ψxσa(s). We define
relations ‘≻’ and ‘’ in the quotient set {ψxσa(s)}(x,σ,a,s)∈Γ×{↑,↓}×{0,1}×R/ ∼ as
follows.
[ψxσa1(s1)] ≻ [ψyτa2(s2)] if s1 > s2, or s1 = s2 and a1 > a2,
[ψxσa1(s1)]  [ψyτa2(s2)] if [ψxσa1(s1)] ≻ [ψyτa2(s2)] or [ψxσa1(s1)] = [ψyτa2(s2)].
The set {ψxσa(s)}(x,σ,a,s)∈Γ×{↑,↓}×{0,1}×R/ ∼ is totally ordered under the relation
‘’ and the relation ‘≻’ is a strict order in this quotient set.
Definition B.2. For any ψxjσjaj (sj) (j = 1, · · · , n) the operator
T2(ψx1σ1a1(s1) · · ·ψxnσnan(sn)) is defined by
T2(ψx1σ1a1(s1) · · ·ψxnσnan(sn))
:= sgn(π)ψxpi(1)σpi(1)api(1)(sπ(1)) · · ·ψxpi(n)σpi(n)api(n)(sπ(n)),
where π ∈ Sn is uniquely determined by the conditions that
[ψxpi(1)σpi(1)api(1)(sπ(1))]  [ψxpi(2)σpi(2)api(2)(sπ(2))]  · · ·  [ψxpi(n)σpi(n)api(n)(sπ(n))],
and if there exist l1, l2 ∈ {1, · · · , n} with l1 < l2 such that
[ψxl1σl1al1 (sl1)] = [ψxl2σl2al2 (sl2)], 6= [ψxjσjaj (sj)] (∀j ∈ {l1 + 1, l2 − 1})
and π(m) = l1 with m ∈ {1, · · · , n}, then π(m+ 1) = l2.
Using the ordering operator T1 we have the following expansion.
Lemma B.3. For any t1, t2 ∈ R with t1 < t2,
e−(t2−t1)(H0+Vλ)
= e−(t2−t1)H0 + e−t2H0
∞∑
n=1
(−1)n
n!
∫
[t1,t2]n
ds1 · · · dsnT1(Vλ(s1) · · ·Vλ(sn))et1H0 .
Remark B.4. Though the operator T1(Vλ(s1) · · ·Vλ(sn)) is defined only for
(s1, · · · , sn) with sj 6= sk (j 6= k), we can consider T1(Vλ(s1) · · ·Vλ(sn)) as a
Bochner integrable function over [t1, t2]
n since the Lebesgue measure of the set
{(s1, · · · , sn) ∈ [t1, t2]n | ∃j, k ∈ {1, · · · , n} s.t. j 6= k and sj = sk} is zero.
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Proof of Lemma B.3. Since the operator-valued function ξ 7→ e−(t2−t1)(H0+ξVλ) is
analytic, we have
e−(t2−t1)(H0+Vλ) =
∞∑
n=0
1
n!
(
d
dξ
)n
e−(t2−t1)(H0+ξVλ)
∣∣∣
ξ=0
. (B.1)
It is sufficient to show that for all n ∈ N and all ξ ∈ R(
d
dξ
)n
e−(t2−t1)(H0+ξVλ)
= (−1)ne−t2(H0+ξVλ)
∫
[t1,t2]n
ds1 · · · dsnT1(Vλ,ξ(s1) · · ·Vλ,ξ(sn))et1(H0+ξVλ),
(B.2)
where Vλ,ξ(s) := e
s(H0+ξVλ)Vλe
−s(H0+ξVλ). In fact, substituting (B.2) for ξ = 0 into
(B.1) gives the result. We show (B.2) by induction on n.
By Lemma 2.3 we have
d
dξ
e−(t2−t1)(H0+ξVλ) =
∫ 1
0
dse−(1−s)(t2−t1)(H0+ξVλ)(t1 − t2)Vλe−s(t2−t1)(H0+ξVλ)
= −e−t2(H0+ξVλ)
∫ t2
t1
dsVλ,ξ(s)e
t1(H0+ξVλ),
which is (B.2) for n = 1.
Let us assume that (B.2) is true for n− 1 (n ≥ 2).(
d
dξ
)n−1
e−(t2−t1)(H0+ξVλ)
= (−1)n−1(n− 1)!e−t2(H0+ξVλ)
∫
[t1,t2]n−1
ds1ds2 · · · dsn−1
· 1s1>s2>···>sn−1Vλ,ξ(s1)Vλ,ξ(s2) · · ·Vλ,ξ(sn−1)et1(H0+ξVλ)
= (−1)n−1(n− 1)!
∫ t2
t1
ds1
∫ s1
t1
ds2 · · ·
∫ sn−2
t1
dsn−1e
−(t2−s1)(H0+ξVλ)Vλ
· e−(s1−s2)(H0+ξVλ)Vλ · · · e−(sn−2−sn−1)(H0+ξVλ)Vλe−(sn−1−t1)(H0+ξVλ).
By writing t2 = s0, t1 = sn and using Lemma 2.3 again we observe that(
d
dξ
)n
e−(t2−t1)(H0+ξVλ)
= (−1)n−1(n− 1)!
∫ s0
sn
ds1 · · ·
∫ sn−2
sn
dsn−1
n−1∑
j=0
· e−(s0−s1)(H0+ξVλ)Vλ · · · d
dξ
(
e−(sj−sj+1)(H0+ξVλ)
)
Vλ
· · · e−(sn−2−sn−1)(H0+ξVλ)Vλe−(sn−1−sn)(H0+ξVλ)
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= (−1)n(n− 1)!
∫ s0
sn
ds1 · · ·
∫ sn−2
sn
dsn−1
n−1∑
j=0
· e−(s0−s1)(H0+ξVλ)Vλ · · ·
∫ sj
sj+1
dse−(sj−s)(H0+ξVλ)Vλe
−(s−sj+1)(H0+ξVλ)Vλ
· · · e−(sn−2−sn−1)(H0+ξVλ)Vλe−(sn−1−sn)(H0+ξVλ)
= (−1)n(n− 1)!
n−1∑
j=0
∫ s0
sn
ds1 · · ·
∫ sn−2
sn
dsn−1
∫ sj
sj+1
ds1s0>s1>···>sj>s>sj+1>···>sn
· e−(s0−s1)(H0+ξVλ)Vλ · · · e−(sj−s)(H0+ξVλ)Vλe−(s−sj+1)(H0+ξVλ)Vλ
· · · e−(sn−2−sn−1)(H0+ξVλ)Vλe−(sn−1−sn)(H0+ξVλ).
Then by changing the index of the variables {sj, s | j = 0, · · ·n} we obtain(
d
dξ
)n
e−(t2−t1)(H0+ξVλ)
= (−1)nn!e−t2(H0+ξVλ)
∫
[t1,t2]n
ds1 · · · dsn1s1>···>snVλ,ξ(s1) · · ·Vλ,ξ(sn)et1(H0+ξVλ)
= (−1)ne−t2(H0+ξVλ)
∫
[t1,t2]n
ds1 · · · dsnT1(Vλ,ξ(s1) · · ·Vλ,ξ(sn))et1(H0+ξVλ),
which completes the proof.
Next we prepare some properties of the operators ψ∗xσ(s) and ψxσ(s). Using the
matrix {F (xσ,yτ)}(x,σ),(y,τ)∈Γ×{↑,↓} defined in (2.2), we define the matrices F (a)
(a = 0, 1) by
F (a) :=
{
F if a = 0,
−F t if a = 1.
Lemma B.5 and Lemma B.6 below follow [15, Lemma 3.2.1, Lemma 3.2.2]. How-
ever, we give the proof to make this section self-contained.
Lemma B.5. The following equalities hold.
(i) For any (x, σ, a, s) ∈ Γ× {↑, ↓} × {0, 1} × R
ψxσa(s) =
∑
y∈Γ
∑
τ∈{↑,↓}
e−sF (a)(xσ,yτ)ψyτa.
(ii) For any (x, σ, s), (y, τ, t) ∈ Γ× {↑, ↓} × R
{ψxσ(s), ψyτ (t)} = {ψ∗xσ(s), ψ∗yτ (t)} = 0, {ψ∗xσ(s), ψyτ (t)} = e(s−t)F (yτ,xσ).
Proof. We see that for a ∈ {0, 1}
d
ds
ψxσa(s) = e
sH0(H0ψxσa − ψxσaH0)e−sH0 . (B.3)
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By using (A.2) we can show that for a ∈ {0, 1}
H0ψxσa = −
∑
y∈Γ
∑
τ∈{↑,↓}
F (a)(xσ,yτ)ψyτa + ψxσaH0. (B.4)
By combining (B.3) with (B.4), we obtain a differential equation
d
ds
ψxσa(s) = −
∑
y∈Γ
∑
τ∈{↑,↓}
F (a)(xσ,yτ)ψyτa(s),
for a ∈ {0, 1}, which gives (i).
By using (i) and (A.2), the first equalities of (ii) can be proved. Moreover, we
see that
{ψ∗xσ(s), ψyτ (t)} =
∑
x1,x2∈Γ
∑
σ1,σ2∈{↑,↓}
esF (x1σ1,xσ)e
−tF (yτ,x2σ2){ψ∗x1σ1 , ψx2σ2}
=
∑
x1∈Γ
∑
σ1∈{↑,↓}
e−tF (yτ,x1σ1)e
sF (x1σ1,xσ) = e
(s−t)F (yτ,xσ).
For any linear operator A : Ff (L
2(Γ × {↑, ↓};C)) → Ff (L2(Γ × {↑, ↓};C)), let
〈A〉0 denote Tr(e−βH0A)/Tr e−βH0 . For a set of the operators {ψxjσjaj (sj)}nj=1,
let ψx1σ1a1(s1) · · · ̂ψxjσjaj (sj) · · ·ψxnσnan(sn) denote the product obtained by elim-
inating ψxjσjaj (sj) from the product ψx1σ1a1(s1) · · ·ψxnσnan(sn).
Lemma B.6. If n ∈ N is odd, for any (xj , σj , aj , sj) ∈ Γ × {↑, ↓} × {0, 1} × R
(j = 1, · · · , n)
〈ψx1σ1a1(s1) · · ·ψxnσnan(sn)〉0 = 0.
If n ∈ N is even, for any (xj , σj , aj , sj) ∈ Γ× {↑, ↓} × {0, 1} × R (j = 1, · · · , n)
〈ψx1σ1a1(s1) · · ·ψxnσnan(sn)〉0
=
n∑
j=2
(−1)j〈ψx1σ1a1(s1)ψxjσjaj (sj)〉0〈ψx2σ2a2(s2) · · · ̂ψxjσjaj (sj) · · ·ψxnσnan(sn)〉0.
(B.5)
Moreover,
〈ψx1σ1a1(s1)ψx2σ2a2(s2)〉0
=
∑
y∈Γ
∑
τ∈{↑,↓}
(
I + e−βF (a1)
)−1
(x1σ1,yτ){ψyτa1(s1), ψx2σ2a2(s2)}. (B.6)
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Proof. By using the orthonormal basis
⋃2Ld
m=0Bm defined in (A.1), we can write
Tr(e−βH0ψx1σ1a1(s1) · · ·ψxnσnan(sn))
=
2Ld∑
m=0
∑
φ∈Bm
〈φ, e−βH0ψx1σ1a1(s1) · · ·ψxnσnan(sn)φ〉Ff .
(B.7)
Since for all s ∈ R and m ∈ {0, 1, · · · , 2Ld}
esH0
(
Am(L
2((Γ× {↑, ↓})m;C))) ⊂ Am(L2((Γ× {↑, ↓})m;C)),
we see that if n is odd, for any m ∈ {0, 1, · · · , 2Ld} and φ ∈ Bm
e−βH0ψx1σ1a1(s1) · · ·ψxnσnan(sn)φ = 0,
or
e−βH0ψx1σ1a1(s1) · · ·ψxnσnan(sn)φ ∈ Al(L2((Γ× {↑, ↓})l;C))
with l 6= m, which implies that
〈φ, e−βH0ψx1σ1a1(s1) · · ·ψxnσnan(sn)φ〉Ff = 0. (B.8)
The first statement follows from (B.7) and (B.8).
Let us assume that n is even. We see that
ψx1σ1a1(s1)ψx2σ2a2(s2) · · ·ψxnσnan(sn)
= {ψx1σ1a1(s1), ψx2σ2a2(s2)}ψx3σ3a3(s3) · · ·ψxnσnan(sn)
− ψx2σ2a2(s2)ψx1σ1a1(s1)ψx3σ3a3(s3) · · ·ψxnσnan(sn)
= {ψx1σ1a1(s1), ψx2σ2a2(s2)}ψx3σ3a3(s3) · · ·ψxnσnan(sn)
− ψx2σ2a2(s2){ψx1σ1a1(s1), ψx3σ3a3(s3)}ψx4σ4a4(s4) · · ·ψxnσnan(sn)
+ ψx2σ2a2(s2)ψx3σ3a3(s3)ψx1σ1a1(s1)ψx4σ4a4(s4) · · ·ψxnσnan(sn)
=
n∑
j=2
{ψx1σ1a1(s1), ψxjσjaj (sj)}(−1)jψx2σ2a2(s2) · · · ̂ψxjσjaj (sj) · · ·ψxnσnan(sn)
− (−1)nψx2σ2a2(s2) · · ·ψxnσnan(sn)ψx1σ1a1(s1),
which yields
〈ψx1σ1a1(s1)ψx2σ2a2(s2) · · ·ψxnσnan(sn)〉0
+ 〈ψx2σ2a2(s2) · · ·ψxnσnan(sn)ψx1σ1a1(s1)〉0
=
n∑
j=2
{ψx1σ1a1(s1), ψxjσjaj (sj)}
· (−1)j〈ψx2σ2a2(s2) · · · ̂ψxjσjaj (sj) · · ·ψxnσnan(sn)〉0.
(B.9)
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On the other hand, by Lemma B.5 (i),
ψxσa(s+ β) =
∑
y∈Γ
∑
τ∈{↑,↓}
e−βF (a)(xσ,yτ)ψyτa(s). (B.10)
By using (B.10) and the equality that Tr(AB) = Tr(BA) for any operators A, B,
we observe that
〈ψx2σ2a2(s2) · · ·ψxnσnan(sn)ψx1σ1a1(s1)〉0
= 〈ψx1σ1a1(s1 + β)ψx2σ2a2(s2) · · ·ψxnσnan(sn)〉0
=
∑
y∈Γ
∑
τ∈{↑,↓}
e−βF (a1)(x1σ1,yτ)〈ψyτa1(s1)ψx2σ2a2(s2) · · ·ψxnσnan(sn)〉0.
(B.11)
By substituting (B.11) into (B.9) we obtain∑
y∈Γ
∑
τ∈{↑,↓}
(δx1,yδσ1,τ + e
−βF (a1)(x1σ1,yτ))
· 〈ψyτa1(s1)ψx2σ2a2(s2) · · ·ψxnσnan(sn)〉0
=
n∑
j=2
{ψx1σ1a1(s1), ψxjσjaj(sj)}(−1)j〈ψx2σ2a2(s2) · · · ̂ψxjσjaj (sj) · · ·ψxnσnan(sn)〉0.
(B.12)
Let us define a unitary matrix M = (M(kτ,xσ))(k,τ)∈Γ∗×{↑,↓},(x,σ)∈Γ×{↑,↓} by
M(kτ,xσ) :=
δσ,τ
Ld/2
e−i〈k,x〉.
Then we have for all (k, τ), (kˆ, τˆ ) ∈ Γ∗ × {↑, ↓}
MFM∗(kτ, kˆτˆ ) =MF tM t(kτ, kˆτˆ ) = δ
k,kˆδτ,τˆEkˆ, (B.13)
where Ek is defined in (2.8). The equality (B.13) implies that
det(I + e−βF ) = det(I + e−βMFM
∗
) 6= 0, det(I + eβF t) = det(I + eβMF tMt) 6= 0.
Thus, for a = 0, 1 the matrix I + e−βF (a) is invertible. The equality (B.12) leads to
〈ψx1σ1a1(s1)ψx2σ2a2(s2) · · ·ψxnσnan(sn)〉0
=
n∑
j=2
∑
y∈Γ
∑
τ∈{↑,↓}
(
I + e−βF (a1)
)−1
(x1σ1,yτ){ψyτa1(s1), ψxjσjaj (sj)}(−1)j
· 〈ψx2σ2a2(s2) · · · ̂ψxjσjaj (sj) · · ·ψxnσnan(sn)〉0.
(B.14)
The equality (B.6) is (B.14) for n = 2. Then, by substituting (B.6) into (B.14) we
obtain (B.5).
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From now we show some lemmas involving the ordering operator T2. To simplify
notations, let ψj denote ψxjσjaj (sj) for fixed variables (xj , σj , aj , sj) ∈ Γ×{↑, ↓}×
{0, 1} × R (j = 1, · · · , n).
Lemma B.7. For any π ∈ Sn,
T2(ψ1ψ2 · · ·ψn) = sgn(π)T2(ψπ(1)ψπ(2) · · ·ψπ(n)). (B.15)
Proof. It is sufficient to show (B.15) for any transposition π as any permutation is
a product of transpositions. Let us assume that π = (j, k), 1 ≤ j < k ≤ n. Let
τ, η ∈ Sn be the unique permutations associated with the definitions of T2(ψ1 · · ·ψn)
and T2(ψπ(1) · · ·ψπ(n)), respectively.
T2(ψ1 · · ·ψn) = sgn(τ)ψτ(1) · · ·ψτ(n), (B.16)
T2(ψπ(1) · · ·ψπ(n)) = sgn(η)ψπ(η(1)) · · ·ψπ(η(n)). (B.17)
First consider the case that [ψj ] 6= [ψk]. Let A,B ⊂ {j + 1, · · · , k − 1} satisfy
that [ψj ] = [ψα] for any α ∈ A, [ψk] = [ψγ ] for any γ ∈ B and [ψj ], [ψk] 6= [ψp] for
any p ∈ {j + 1, · · · , k − 1}\A ∪B.
If A,B 6= ∅, we can write A = {α1, · · · , αl}, B = {γ1, · · · , γm} with j + 1 ≤
α1 < · · · < αl ≤ k − 1, j + 1 ≤ γ1 < · · · < γm ≤ k − 1. By the definition of T2 the
product ψπ(η(1)) · · ·ψπ(η(n)) is obtained by replacing ψjψα1 · · ·ψαl and ψγ1 · · ·ψγmψk
by ψα1 · · ·ψαlψj and ψkψγ1 · · ·ψγm respectively in the product ψτ(1) · · ·ψτ(n). Thus,
if we define cycles ζ1, ζ2 ∈ Sn by
ζ1 =
(
j α1 · · · αl−1 αl
α1 α2 · · · αl j
)
, ζ2 =
(
γ1 γ2 · · · γm k
k γ1 · · · γm−1 γm
)
,
the permutation η is written as
η = π−1ζ1ζ2τ. (B.18)
On the other hand, Lemma B.5 (ii) ensures that
ψα1 · · ·ψαlψj = (−1)lψjψα1 · · ·ψαl , ψkψγ1 · · ·ψγm = (−1)mψγ1 · · ·ψγmψk. (B.19)
By (B.16)-(B.19) we see that
T2(ψπ(1) · · ·ψπ(n)) = sgn(π−1ζ1ζ2τ)ψζ1(ζ2(τ(1))) · · ·ψζ1(ζ2(τ(n)))
= (−1)1+l+m sgn(τ)(−1)l+mψτ(1) · · ·ψτ(n)
= −T2(ψ1 · · ·ψn).
(B.20)
If A = ∅ or B = ∅, by setting ζ1 = Id and l = 0 or ζ2 = Id and m = 0,
respectively, we see that the equalities (B.18) and (B.20) hold true.
Next consider the case that [ψj ] = [ψk]. Let A˜ ⊂ {j+1, · · · , k− 1} be such that
[ψj ] = [ψq] for any q ∈ A˜ and [ψj ] 6= [ψq] for any q ∈ {j + 1, · · · , k − 1}\A˜.
If A˜ 6= ∅, we write A˜ as A˜ = {q1, · · · , qr} with j + 1 ≤ q1 < · · · < qr ≤ k − 1.
By the definition of T2 the product ψπ(η(1)) · · ·ψπ(η(n)) is obtained by replacing
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ψjψq1 · · ·ψqrψk by ψkψq1 · · ·ψqrψj in the product ψτ(1) · · ·ψτ(n). Thus, the permu-
tation η satisfies the equality
η = τ. (B.21)
By Lemma B.5 (ii) the following equality holds.
ψkψq1 · · ·ψqrψj = −ψjψq1 · · ·ψqrψk. (B.22)
By combining (B.16)-(B.17) with (B.21)-(B.22) we have
T2(ψπ(1) · · ·ψπ(n)) = sgn(τ)ψπ(τ(1)) · · ·ψπ(τ(n))
= − sgn(τ)ψτ(1) · · ·ψτ(n)
= −T2(ψ1 · · ·ψn).
(B.23)
By repeating the same argument as above without the term ψq1 · · ·ψqr we can
prove the equalities (B.23) for the case that A˜ = ∅, which completes the proof.
Lemma B.8. Assume that n ∈ N is even and [ψ1]  [ψj ] (∀j ∈ {2, 3, · · · , n}). The
following equality holds.
〈T2(ψ1 · · ·ψn)〉0 =
n∑
j=2
(−1)j〈T2(ψ1ψj)〉0〈T2(ψ2 · · · ψ̂j · · ·ψn)〉0. (B.24)
Proof. For n = 2 the equality (B.24) is trivial. Assume that n ≥ 4. Let τ ∈ Sn be
the unique permutation associated with the definition of T2(ψ1 · · ·ψn).
T2(ψ1 · · ·ψn) = sgn(τ)ψτ(1) · · ·ψτ(n).
By assumption τ(1) = 1. Moreover, Lemma B.6 ensures that
〈T2(ψ1 · · ·ψn)〉0 = sgn(τ)
n∑
j=2
(−1)j〈ψ1ψτ(j)〉0〈ψτ(2) · · · ψ̂τ(j) · · ·ψτ(n)〉0. (B.25)
Let us fix j ∈ {2, 3, · · · , n}. Let π ∈ Sn be such that
(π(1), π(2), π(3), · · · , π(n)) = (1, τ(j), τ(2), · · · , τ̂(j), · · · , τ(n)), (B.26)
where ‘τ̂(j)’ stands for the omission of the number τ(j) from the row
(τ(2), τ(3), · · · , τ(n)). Then, we have
sgn(π) = (−1)j−2 sgn(τ) = (−1)j sgn(τ). (B.27)
On the other hand, we can write {1, · · · , n}\{1, τ(j)} = {l1, · · · , ln−2} with
2 ≤ l1 < l2 < · · · < ln−2 ≤ n. There exists η ∈ Sn−2 such that
(lη(1), lη(2), · · · , lη(n−2)) = (τ(2), τ(3), · · · , τ̂(j), · · · , τ(n)). (B.28)
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By (B.26) and (B.28) we obtain
(π(1), π(2), π(3), · · · , π(n)) = (1, τ(j), lη(1), lη(2), · · · , lη(n−2)),
which implies that
sgn(π) = (−1)τ(j)−2 sgn(η) = (−1)τ(j) sgn(η). (B.29)
By (B.27) and (B.29) we have
(−1)j sgn(τ) = (−1)τ(j) sgn(η). (B.30)
Note the equalities that
〈T2(ψ1ψτ(j))〉0 = 〈ψ1ψτ(j)〉0,
〈T2(ψ2 · · · ψ̂τ(j) · · ·ψn)〉0 = sgn(η)〈ψτ(2) · · · ψ̂τ(j) · · ·ψτ(n)〉0.
(B.31)
By substituting (B.30) and (B.31) into (B.25) we see that
〈T2(ψ1 · · ·ψn)〉0 =
n∑
j=2
(−1)τ(j)〈T2(ψ1ψτ(j))〉0〈T2(ψ2 · · · ψ̂τ(j) · · ·ψn)〉0
=
n∑
j=2
(−1)j〈T2(ψ1ψj)〉0〈T2(ψ2 · · · ψ̂j · · ·ψn)〉0,
which is (B.24).
Lemma B.9. For all xj ,yj ∈ Γ, σj , τj ∈ {↑, ↓}, sj , tj ∈ R (j = 1, 2, · · · , n),
〈T2(ψ∗x1σ1(s1)ψy1τ1(t1) · · ·ψ∗xnσn(sn)ψynτn(tn))〉0
= det(〈T2(ψ∗xjσj (sj)ψykτk(tk))〉0)1≤j,k≤n.
(B.32)
Proof. We show (B.32) by induction on n. The equality (B.32) is obviously true
when n = 1. Let us assume that (B.32) is true for n− 1 (n ≥ 2).
Lemma B.7 implies that for all π ∈ Sn
〈T2(ψ∗x1σ1(s1)ψy1τ1(t1) · · ·ψ∗xnσn(sn)ψynτn(tn))〉0
= 〈T2(ψ∗xpi(1)σpi(1)(sπ(1))ψypi(1)τpi(1)(tπ(1)) · · ·ψ∗xpi(n)σpi(n)(sπ(n))ψypi(n)τpi(n)(tπ(n)))〉0
= (−1)n〈T2(ψypi(1)τpi(1)(tπ(1))ψ∗xpi(1)σpi(1)(sπ(1))
· · ·ψypi(n)τpi(n)(tπ(n))ψ∗xpi(n)σpi(n)(sπ(n)))〉0,
(B.33)
and
det(〈T2(ψ∗xjσj (sj)ψykτk(tk))〉0)1≤j,k≤n
= det(〈T2(ψ∗xpi(j)σpi(j) (sπ(j))ψypi(k)τpi(k)(tπ(k)))〉0)1≤j,k≤n
= (−1)n det(〈T2(ψypi(k)τpi(k)(tπ(k))ψ∗xpi(j)σpi(j) (sπ(j)))〉0)1≤j,k≤n.
(B.34)
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The equalities (B.33) and (B.34) enable us to assume that
[ψ∗x1σ1(s1)]  [ψ∗xjσj (sj)], [ψyjτj(tj)] (∀j ∈ {1, · · · , n}) without losing generality in
the following argument.
By using Lemma B.7, Lemma B.8, the hypothesis of induction, and the fact
that 〈ψ∗xσ(t)ψ∗x′σ′ (t′)〉0 = 0, we have
〈T2(ψ∗x1σ1(s1)ψy1τ1(t1) · · ·ψ∗xnσn(sn)ψynτn(tn))〉0
=
n∑
j=1
〈T2(ψ∗x1σ1(s1)ψyjτj (tj))〉0
· 〈T2(ψy1τ1(t1)ψ∗x2σ2(s2)ψy2τ2(t2) · · ·ψ∗xjσj (sj) ̂ψyjτj (tj) · · ·ψ∗xnσn(sn)ψynτn(tn))〉0
=
n∑
j=1
(−1)j−1〈T2(ψ∗x1σ1(s1)ψyjτj (tj))〉0 det(〈T2(ψ∗xlσl(sl)ψykτk(tk))〉0) 1≤l,k≤nl 6=1,k 6=j
= det(〈T2(ψ∗xjσj (sj)ψykτk(tk))〉0)1≤j,k≤n,
which concludes the proof.
Lemma B.10. For all x,y ∈ Γ, σ, τ ∈ {↑, ↓}, x, y ∈ R
〈T2(ψ∗xσ(x)ψyτ (y))〉0 = C(xσx,yτy), (B.35)
where C(xσx,yτy) is defined in (2.7).
Proof. By the definition of T2, we have
〈T2(ψ∗xσ(x)ψyτ (y))〉0 = 〈ψ∗xσ(x)ψyτ (y)〉01x−y≥0 − 〈ψyτ (y)ψ∗xσ(x)〉01x−y<0. (B.36)
By Lemma B.5 (ii), (B.6) and (B.13), we see that
〈ψ∗xσ(x)ψyτ (y)〉0
=
∑
x′∈Γ
∑
σ′∈{↑,↓}
(
I + eβF
t
)−1
(xσ,x′σ′){ψ∗x′σ′ (x), ψyτ (y)}
=
∑
x′∈Γ
∑
σ′∈{↑,↓}
(
I + eβF
t
)−1
(xσ,x′σ′)e(x−y)F (yτ,x′σ′)
=
((
I + eβF
t
)−1
e(x−y)F
t
)
(xσ,yτ)
=
(
M t
(
I + eβMF
tMt
)−1
e(x−y)MF
tMtM
)
(xσ,yτ)
=
δσ,τ
Ld
∑
k,kˆ∈Γ∗
δ
k,kˆe
−i〈x,k〉ei〈y,kˆ〉
e(x−y)Ekˆ
1 + eβEkˆ
=
δσ,τ
Ld
∑
k∈Γ∗
ei〈k,y−x〉
e−(y−x)Ek
1 + eβEk
,
(B.37)
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〈ψyτ (y)ψ∗xσ(x)〉0
=
∑
y′∈Γ
∑
τ ′∈{↑,↓}
(
I + e−βF
)−1
(yτ,y′τ ′){ψy′τ ′(y), ψ∗xσ(x)}
=
∑
y′∈Γ
∑
τ ′∈{↑,↓}
(
I + e−βF
)−1
(yτ,y′τ ′)e(x−y)F (y′τ ′,xσ)
=
((
I + e−βF
)−1
e(x−y)F
)
(yτ,xσ)
=
(
M∗
(
I + e−βMFM
∗
)−1
e(x−y)MFM
∗
M
)
(yτ,xσ)
=
δσ,τ
Ld
∑
k,kˆ∈Γ∗
δ
k,kˆe
i〈y,k〉e−i〈x,kˆ〉
e(x−y)Ekˆ
1 + e−βEkˆ
=
δσ,τ
Ld
∑
k∈Γ∗
ei〈k,y−x〉
e−(y−x)Ek
1 + e−βEk
.
(B.38)
By combining (B.37) and (B.38) with (B.36), we obtain (B.35).
We have prepared all the lemmas necessary to prove Proposition 2.4.
Proof of Proposition 2.4. By applying Lemma B.3 for t1 = 0, t2 = β we have
e−βHλ = e−βH0 + e−βH0
∞∑
n=1
(−1)n
n!
∫
[0,β]n
ds1 · · · dsnT1(Vλ(s1) · · ·Vλ(sn))
= e−βH0 + e−βH0
∞∑
n=1
(−1)n
∫
[0,β]n
ds1 · · · dsn1s1>···>snVλ(s1) · · ·Vλ(sn).
(B.39)
By (B.39), Lemma B.5 (ii), the definition of T2 and Lemma B.7, we see that
Tr e−βHλ
Tr e−βH0
= 1+
∞∑
n=1
n
Π
j=1
− ∑
xj,yj,zj ,wj∈Γ
∫ β
0
dsjUxj,yj ,zj ,wj
 1s1>···>sn
· 〈ψ∗x1↑(s1)ψ∗y1↓(s1)ψw1↓(s1)ψz1↑(s1) · · ·ψ∗xn↑(sn)ψ∗yn↓(sn)ψwn↓(sn)ψzn↑(sn)〉0
= 1+
∞∑
n=1
n
Π
j=1
− ∑
x2j−1,x2j ,y2j−1,y2j∈Γ
∫ β
0
dx2j−1Ux2j−1,x2j ,y2j−1,y2j

· 1x1>x3>···>x2n−1(−1)n〈ψ∗x1↑(x1)ψ∗x2↓(x1)ψy1↑(x1)ψy2↓(x1) · · ·
· ψ∗x2n−1↑(x2n−1)ψ∗x2n↓(x2n−1)ψy2n−1↑(x2n−1)ψy2n↓(x2n−1)〉0
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= 1 +
∞∑
n=1
n
Π
j=1
− ∑
x2j−1,x2j,y2j−1,y2j∈Γ
∫ β
0
dx2j−1Ux2j−1,x2j,y2j−1,,y2j

· 1x1>x3>···>x2n−1〈T2(ψ∗x1↑(x1)ψy1↑(x1)ψ∗x2↓(x1)ψy2↓(x1) · · ·
· ψ∗x2n−1↑(x2n−1)ψy2n−1↑(x2n−1)ψ∗x2n↓(x2n−1)ψy2n↓(x2n−1))〉0
= 1 +
∞∑
n=1
1
n!
n
Π
j=1− ∑
x2j−1,x2j ,y2j−1,y2j∈Γ
∑
σ2j−1,σ2j∈{↑,↓}
∫ β
0
dx2j−1δσ2j−1,↑δσ2j ,↓Ux2j−1,x2j ,y2j−1,,y2j

· 〈T2(ψ∗x1σ1(x1)ψy1σ1(x1)ψ∗x2σ2(x2)ψy2σ2(x2) · · ·
· ψ∗x2n−1σ2n−1(x2n−1)ψy2n−1σ2n−1(x2n−1)ψ∗x2nσ2n(x2n)ψy2nσ2n(x2n))〉0
∣∣∣ x2j=x2j−1
∀j∈{1,··· ,n}
.
Then by using Lemma B.9 and Lemma B.10 we obtain the series (2.6).
C Diagonalization of the covariance matrix
In this part of Appendices we diagonalize the covariance matrix
(Ch(xσx,yτy))(x,σ,x),(y,τ,y)∈Γ×{↑,↓}×[0,β)h and calculate its determinant. The fact
that the determinant of the covariance matrix is non-zero, which is to be proved
in Proposition C.7, verifies the well-posedness of the Grassmann Gaussian integral
defined in Definition 3.5.
For convenience of calculation we assume that h ∈ 2N/β. Define the sets Wh
and Mh by
Wh :=
{
ω ∈ π
β
Z
∣∣∣ − πh ≤ ω < πh} , Mh := {ω ∈ π
β
(2Z+ 1)
∣∣∣ − πh < ω < πh} .
Note that ♯Wh = 2βh and ♯Mh = βh. The assumption that h ∈ 2N/β ensures the
equality
Mh =Wh\2πZ
β
. (C.1)
The set Mh is seen as a set of the Matsubara frequencies with cut-off.
For f ∈ L2([−β, β)h;C) we define fˆ ∈ L2(Wh;C) by
fˆ(ω) :=
1
h
∑
t∈[−β,β)h
e−iωtf(t).
Lemma C.1. For any f ∈ L2([−β, β)h;C)
f(t) =
1
2β
∑
ω∈Wh
eiωtfˆ(ω), ∀t ∈ [−β, β)h.
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Proof. If t = −β + s/h with s ∈ {0, · · · , 2βh− 1},
1
2β
∑
ω∈Wh
eiωtfˆ(ω) =
1
2βh
∑
ω∈Wh
∑
u∈[−β,β)h
eiωte−iωuf(u)
=
1
2βh
2βh−1∑
m=0
2βh−1∑
l=0
ei(−πh+πm/β)(s/h−l/h)f
(
−β + l
h
)
=
1
2βh
2βh−1∑
l=0
e−iπ(s−l)
2βh−1∑
m=0
eiπm(s−l)/(βh)f
(
−β + l
h
)
=
2βh−1∑
l=0
e−iπ(s−l)δs,lf
(
−β + l
h
)
= f
(
−β + s
h
)
= f(t).
Lemma C.2. If f ∈ L2([−β, β)h;C) satisfies f(t) = −f(t+ β) for all t ∈ [−β, β)h
with t < 0,
f(t) =
1
2β
∑
ω∈Mh
eiωtfˆ(ω), ∀t ∈ [−β, β)h. (C.2)
Proof. Take any ω ∈ Wh ∩ 2πZ/β. By assumption we see that
fˆ(ω) =
1
h
∑
t∈[−β,β)h\[0,β)h
e−iωtf(t) +
1
h
∑
t∈[0,β)h
e−iωtf(t)
= − 1
h
∑
t∈[−β,β)h\[0,β)h
e−iωtf(t+ β) +
1
h
∑
t∈[0,β)h
e−iωtf(t)
= − 1
h
∑
t∈[0,β)h
e−iω(t−β)f(t) +
1
h
∑
t∈[0,β)h
e−iωtf(t) = 0.
(C.3)
Then, by (C.1), (C.3) and Lemma C.1 we obtain (C.2).
Let us define gk ∈ L2([−β, β)h;C) (k ∈ Γ∗) by
gk(t) := e
tEk
{
1t≥0
1 + eβEk
− 1t<0
1 + e−βEk
}
.
Note that the function gk satisfies the anti-periodic property gk(t) = −gk(t+β) for
all t ∈ [−β, β)h with t < 0.
Lemma C.3. For all t ∈ [−β, β)h
gk(t) =
1
β
∑
ω∈Mh
eiωt
h(1− e−iω/h+Ek/h) . (C.4)
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Proof. By Lemma C.2,
gk(t) =
1
2β
∑
ω∈Mh
eiωtgˆk(ω). (C.5)
Moreover, we observe that for ω ∈Mh
gˆk(ω) = − 1
h
∑
t∈[−β,β)h\[0,β)h
e−iωt
etEk
1 + e−βEk
+
1
h
∑
t∈[0,β)h
e−iωt
etEk
1 + eβEk
= − 1
h
∑
t∈[0,β)h
e−iω(t−β)
etEk
1 + eβEk
+
1
h
∑
t∈[0,β)h
e−iωt
etEk
1 + eβEk
=
2
h
∑
t∈[0,β)h
e−iωt
etEk
1 + eβEk
=
2
h(1 + eβEk)
∑
t∈[0,β)h
et(−iω+Ek)
=
2
h(1− e−iω/h+Ek/h) .
(C.6)
The equality (C.4) follows from (C.5) and (C.6).
By substituting the characterization of gk given in Lemma C.3 into
Ch(xσx,yτy) =
δσ,τ
Ld
∑
k∈Γ∗
ei〈k,y−x〉gk(x − y)
we obtain
Lemma C.4. For any (x, σ, x), (y, τ, y) ∈ Γ× {↑, ↓} × [0, β)h,
Ch(xσx,yτy) =
δσ,τ
βLd
∑
k∈Γ∗
∑
ω∈Mh
ei〈k,y−x〉e−iω(y−x)
h(1− e−iω/h+Ek/h) . (C.7)
In order to diagonalize Ch, we define a matrix
Y = (Y (kτω,xσx))(k,τ,ω)∈Γ∗×{↑,↓}×Mh,(x,σ,x)∈Γ×{↑,↓}×[0,β)h by
Y (kτω,xσx) :=
δτ,σ√
βhLd
ei〈k,x〉e−iωx.
Lemma C.5. The matrix Y is unitary.
Proof. Assume that ω = −πh + π/β + 2πm/β, ωˆ = −πh + π/β + 2πmˆ/β with
m, mˆ ∈ {0, 1, · · · , βh− 1}. Then we observe that
Y Y ∗(kτω, kˆτˆ ωˆ) =
δτ,τˆ
βhLd
∑
x∈Γ
∑
x∈[0,β)h
ei〈x,k−kˆ〉e−ix(ω−ωˆ)
=
δτ,τˆδk,kˆ
βh
βh−1∑
l=0
e−i2πl(m−mˆ)/(βh)
= δτ,τˆδk,kˆδm,mˆ = δτ,τˆδk,kˆδω,ωˆ.
58
Let x = s/h, xˆ = sˆ/h with s, sˆ ∈ {0, 1, · · · , βh− 1}.
Y ∗Y (xσx, xˆσˆxˆ) =
δσ,σˆ
βhLd
∑
k∈Γ∗
∑
ω∈Mh
e−i〈k,x−xˆ〉eiω(x−xˆ)
=
δσ,σˆδx,xˆ
βh
βh−1∑
m=0
ei(−πh+π/β+2πm/β)(s/h−sˆ/h)
=
δσ,σˆδx,xˆ
βh
ei(−πh+π/β)(s/h−sˆ/h)
βh−1∑
m=0
ei2πm(s−sˆ)/(βh)
= δσ,σˆδx,xˆδs,sˆe
i(−πh+π/β)(s/h−sˆ/h) = δσ,σˆδx,xˆδx,xˆ.
By using the matrix Y and (C.7) we can diagonalize Ch as follows.
Lemma C.6. For all (k, τ, ω), (kˆ, τˆ , ωˆ) ∈ Γ∗ × {↑, ↓} ×Mh,
(Y ChY
∗)(kτω, kˆτˆ ωˆ) = δτ,τˆδk,kˆδω,ωˆ
1
1− e−iω/h+Ek/h .
Finally we calculate the determinant of the covariance matrix Ch.
Proposition C.7. For any h ∈ 2N/β
detCh =
1
Πk∈Γ∗(1 + eβEk)2
.
Proof. Since {e−iω/h+Ek/h | ω ∈Mh} is the set of all the βhth roots of −eβEk,
zβh + eβEk = Π
ω∈Mh
(z − e−iω/h+Ek/h)
for all z ∈ C. Especially,
Π
ω∈Mh
(1− e−iω/h+Ek/h) = 1 + eβEk. (C.8)
By Lemma C.5, Lemma C.6 and (C.8), we see that
detCh = det(Y ChY
∗) = Π
k∈Γ∗
Π
σ∈{↑,↓}
Π
ω∈Mh
1
1− e−iω/h+Ek/h =
1
Πk∈Γ∗(1 + eβEk)2
.
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